
Signals and Systems I EE360: Spring 19

Homework #3
Due Mo. 2/25

Note: The Basic Problems with Answers will be worth half as much as the other questions.
You must show all your work to receive credit.

1. (OW 2.8) Basic Problem with Answer

Solution

y(t) = x(t) ∗ h(t) = x(t) ∗ [δ(t+ 2) + 2δ(t+ 1)]

= x(t+ 2) + 2x(t+ 1)

x(t+ 1) =


t+ 2 0 ≤ t+ 1 ≤ 1

2− (t+ 1) 1 < t+ 1 ≤ 2

0 else

=


t+ 2 −1 ≤ t ≤ 0

1− t 0 < t ≤ 1

0 else

x(t+ 2) =


t+ 3 −2 ≤ t ≤ −1

−t −1 < t ≤ 0

0 else

y(t) =


t+ 3 −2 ≤ t ≤ −1

2(t+ 2)− t −1 < t ≤ 0

2− 2t 0 < t ≤ 1

0 else

=


t+ 3 −2 ≤ t ≤ −1

t+ 4 −1 < t ≤ 0

2− 2t 0 < t ≤ 1

0 else
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Figure 1: OW 2.8

2. (OW 2.9) Basic Problem with Answer

Solution

h(t) = e2tu(−t+ 4) + e−2tu(t− 5)

h(t− τ) = e2(t−τ)u(−(t− τ) + 4) + e−2(t−τ)u(t− τ − 5)

= e2(t−τ) u(τ − t+ 4)︸ ︷︷ ︸
=0 for τ<t−4

+e−2(t−τ) u(−τ + t− 5)︸ ︷︷ ︸
=0 for τ>t−5

⇒ A = t− 5 B = t− 4
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3. (OW 2.10) Basic Problem with Answer

Solution

(a)

t < 0 y(t) = 0

0 ≤t < α y(t) =

∫ t

0
dτ = t

α ≤t < 1 y(t) =

∫ t

t−α
dτ = t− (t− α) = α

1 ≤t ≤ 1 + α y(t) =

∫ 1

t−α
dτ = 1− (t− α) = 1 + α− t

t > 1 + α y(t) = 0

y(t) =


t 0 ≤ t < α

α 1 ≤ t < 1

−t+ (1 + α) 1 ≤ t ≤ 1 + α

0 else

0 α 1 1 + α

0

α

Figure 2: OW 2.10

(b) y(t) has 4 discontinuities at t = 0, α, 1, and 1 + α unless it is a triangle ⇒ α = 1.

4. (OW 2.11) Basic Problem with Answer

Solution

(a)

t < 3 y(t) = 0

3 ≤t < 5 y(t) =

∫ t−3

0
e−3τdτ = −1

3

[
e−3τ

]t−3
0

=
1

3

[
1− e−3(t−3)

]
t ≥ 5 y(t) =

∫ t−3

t−5
e−3τdτ = −1

3

[
e−3τ

]t−3
t−5 =

1

3

[
e−3(t−5) − e−3(t−3)

]
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y(t) =


1
3

[
1− e−3(t−3)

]
3 ≤ t < 5

1
3

[
e−3(t−5) − e−3(t−3)

]
t ≥ 5

0 else

(b)

d(t) =
dx(t)

dt
=

d

dt
[u(t− 3)− u(t− 5)] = δ(t− 3)− δ(t− 5)

g(t) = d(t) ∗ h(t) = e−3(t−3)u(t− 3)− e−3(t−5)u(t− 5)

(c)

d

dt
y(t) =


e−3(t−3) 3 ≤ t < 5

e−3(t−5) − e−3(t−3) t ≥ 5

0 else

= g(t)

5. (OW 2.22)

Solution

(a)

y(t) = x(t) ∗ h(t) =

∫ ∞
−∞

x(τ)h(t− τ)dτ

=

∫ t

0
e−ατe−β(t−τ)dτ

= e−βt
∫ t

0
e(−α+β)τdτ t ≥ 0

for β = α

y(t) = e−βt
∫ t

0
e0dτ = e−βt [τ ]t0 = te−βt

= te−βtu(t)

for β 6= α

y(t) = e−βt
∫ t

0
e(−α+β)τdτ = e−βt

1

−α+ β

[
e(−α+β)τ

]t
0

=
e−βt

−α+ β
[e(−α+β)t − 1]

=
e−βt

−α+ β
[e(−α+β)t − 1]u(t)

(b)

t > 6 y(t) = 0

3 ≤t ≤ 6 y(t) =

∫ 5

t−1
(−1)e2(t−τ)dτ =

1

2

[
e2(t−τ)

]5
t−1

=
1

2

[
e2(t−5) − e2

]
1 ≤t ≤ 3 y(t) =

∫ 2

t−1
e2(t−τ)dτ −

∫ 5

2
e2(t−τ)dτ = −1

2

[
e2(t−τ)

]2
t−1

+
1

2

[
e2(t−τ)

]5
2

=
1

2

[
e2 − 2e2(t−2) + e2(t−5)

]
t < 1 y(t) =

∫ 2

0
e2(t−τ)dτ −

∫ 5

2
e2(t−τ)dτ =

1

2

[
e2t− 2e2(t−2) + e2(t−5)

]
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y(t) =


1
2

[
e2t− 2e2(t−2) + e2(t−5)

]
t < 1

1
2

[
e2 − 2e2(t−2) + e2(t−5)

]
1 ≤ t ≤ 3

1
2

[
e2(t−5) − e2

]
3 ≤ t ≤ 6

0 else

(c)

t < 1 y(t) = 0

1 ≤t ≤ 3 y(t) =

∫ t−1

0
(2) sinπτdτ = − 2

π
[cosπτ ]t−10 =

2

π
[1− cosπ(t− 1)]

3 ≤t ≤ 5 y(t) =

∫ 2

t−3
(2) sinπτdτ =

2

π
[cosπ(t− 3)− cosπ2] =

2

π
[cosπ(t− 3)− 1]

t > 6 y(t) = 0

y(t) =


2
π [1− cosπ(t− 1)] 1 ≤ t ≤ 3
2
π [cosπ(t− 3)− 1] 3 ≤ t ≤ 5

0 else

(d)

Let

h(t) = h1(t)−
1

3
δ(t− 2)

with

ht(t) =

{
4/3 0 ≤ t ≤ 1

0 else.

y(t) = x(t) ∗ h(t) = x(t) ∗ [h1(t)−
1

3
δ(t− 2) = x(t) ∗ h1(t)︸ ︷︷ ︸

g(t)

−1

3
x(t− 2)

g(t) =

∫ t

t−1

(
4

3

)
aτ + bdτ =

4

3

[
(1/2)aτ2 + bτ

]t
t−1

=
4

3
[(1/2)at2 + bt− (1/2)a(t2 − 2t+ 1)− b(t− 1)]

=
4

3
[at+ b− 1

2
a]

y(t) = g(t)− 1

3
x(t− 2) =

4

3
[at+ b− 1

2
a]− 1

3
x(t− 2)

=
4

3
[at+ b− 1

2
a]− 1

3
[a(t− 2) + b] = at+ b

= x(t)

(e) Since x(t) is periodic, y(t) is periodic with T = 2 and the convolution only needs to be
computed over a single period.

−1

2
≤t ≤ 1

2
y(t) =

∫ −1/2
t−1

(t− τ − 1)dτ +

∫ t

−(1/2)
(1− t+ τ)dτ =

1

4
+ t− t2

1

2
≤t ≤ 3

2
y(t) =

∫ 1/2

t−1
(1− t+ τ)dτ +

∫ t

1/2
(t− 1− τ)dτ = t2 − 3t+

7

4

4
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y(t) =

{
1
4 + t− t2 −1

2 ≤ t ≤
1
2

t2 − 3t+ 7
4

1
2 ≤ t ≤

3
2

6. (OW 2.23)

Solution

x(t) =

∞∑
k=−∞

δ(t− kT )

y(t) = x(t) ∗ h(t) =

∞∑
k=−∞

δ(t− kT ) ∗ h(t)

=

∞∑
k=−∞

h(t− kT )
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Figure 3: OW 2.23
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7. (OW 2.29)

Solution

(a) Causal and stable

h(t) = 0 ∀t < 2⇒ casual∫ ∞
−∞
|h(t)|dt =

∫ ∞
2

e−4tdt = −1

4

[
e−4t

]∞
2

=
1

4
e−8 <∞⇒ stable

(b) Not causal and not stable

h(t) = 0 ∀t > 3⇒ not casual∫ ∞
−∞
|h(t)|dt =

∫ 3

−∞
e−6tdt = −1

6

[
e−6t

]3
−∞ =

1

6
[∞− e−18]⇒ not stable

(c) Not causal and stable

h(t) = 0 ∀t < −50⇒ not casual∫ ∞
−∞
|h(t)|dt =

∫ ∞
−50

e−2tdt = −1

2

[
e−2t

]∞
−50 =

1

2
e100 <∞⇒ stable

(d) Not causal and stable

h(t) = 0 ∀t > −1⇒ not casual∫ ∞
−∞
|h(t)|dt =

∫ −1
−∞

e2tdt =
1

2

[
e2t
]−1
−∞ =

1

2
[e−2 − 0] <∞⇒ stable

(e) Not causal and stable

h(t) defined ∀t⇒ not casual∫ ∞
−∞
|h(t)|dt =

∫ 0

−∞
e6tdt+

∫ ∞
0

e−6tdt = 2

∫ ∞
0

e−6tdt = 2
1

6
=

1

3
<∞⇒ stable

(f) Causal and stable

h(t) = 0 ∀t < 0⇒ casual∫ ∞
−∞
|h(t)|dt =

∫ ∞
0

te−tdt =

[
e−t

12
(−t− 1)

]∞
0

= [0− (1(−1))] = 1 <∞⇒ stable

(g) Causal and not stable
h(t) = 0 ∀t < 0⇒ casual

∫ ∞
−∞
|h(t)|dt =

∫ ∞
0

2e−tdt+

∫ ∞
0

e(t−100)/100dt = −2
[
e−t
]∞
0

+ 100e−100
[
et/100

]∞
0

= 2 + 100e−100[∞− 1]⇒ not stable
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8. (OW 2.40)

Solution

(a)

y(t) =

∫ t

−∞
e−(t−τ)x(τ − 2)dτ

let t′ = τ − 2⇒ τ = t′ + 2

=

∫ t−2

−∞
e−(t−t

′−2)x(t′)dt′

⇒ h(t) = e(−t−2)u(t− 2)

(b)

t < 1 y(t) = 0

1 ≤t < 4 y(t) =

∫ t+1

2
e−(τ−2)dτ = −1

[
e−(τ−2)

]t+1

2
= 1− e−(t−1)

t ≥ 4 y(t) =

∫ t+1

t−2
e−(τ−2)dτ = −1

[
e−(τ−2)

]t+1

t−2
= e−(t−4) − e−(t−1)

y(t) =


0 t < 1

1− e−(t−1) 1 ≤ t < 4

e−(t−4) − e−(t−1) t ≥ 4

9. (OW 2.46)

Solution

x(t) = 2e−3tu(t− 1) −→ y(t)

dx(t)

dt
−→ −3y(t) + e−2tu(t)

dx(t)

dt
= 2e−3tδ(t− 1) +−6e−3tu(t− 1)

= 2e−3δ(t− 1)− 6e−3tu(t− 1)

= 2e−3δ(t− 1)− 3x(t)

⇒ −3x(t) + 2e−3δ(t− 1) −→ −3y(t) + e−2tu(t)

since −3x(t) −→ −3y(t) by definition and linearity

2e−3︸︷︷︸
a

δ(t− 1) −→ e−2u(t)

aδ(t− 1) −→ e−2tu(t) = ah(t− 1)
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⇒ h(t− 1) =
1

a
e−2tu(t) =

1

2e−3
e−2tu(t)

=
1

2
e−2t+3u(t)

let τ = t− 1

h(τ) =
1

2
e−2(τ+1)+3u(τ + 1)

=
1

2
e−2τ+1u(τ + 1)
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