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Abstract. It has been a long-standing open problem to determine the
exact randomized competitiveness of the 2-server problem, that is, the
minimum competitiveness of any randomized online algorithm for the 2-
server problem. For deterministic algorithms the best competitive ratio
that can be obtained is 2 and no randomized algorithm is known that
improves this ratio for general spaces. For the line, Bartal et al. [2] give a
% competitive algorithm, but their algorithm is specific to the geometry
of the line.

We consider here the 2-server problem over Cross Polytope Spaces M3 4.
We obtain an algorithm with competitive ratio of %7 and show that
this ratio is best possible. This algorithm gives the second non-trivial
example of metric spaces with better than 2 competitive ratio.

The algorithm uses a design technique called the knowledge state tech-

nique — a method not specific to M 4.

1 Background

In the k-server problem, there are & mobile identical servers in a metric space
M. At any time, a point r € M can be “requested,” and must be “served” by
moving one of the k servers to the point r. The cost of that service is defined to
be the distance the server is moved; for a sequence of requests the goal is to serve
the requests at small cost. An online algorithm for the server problem decides,
at each request, which server to move, but does not know the sequence of future
requests. We analyze an online algorithm for the server problem in terms of its
competitive ratio, which essentially gives the ratio of its cost over the cost of an
optimal (offline) algorithm which has knowledge of the entire request sequence
before making any decisions. More precisely, we say that an online algorithm A
for the server problem is C'-competitive, if there is a constant K, such that, given
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any request sequence g, cost 4(0) < C'- costopr(0) + K. For a randomized online
algorithm, we state competitiveness in terms of expected cost. The competitive
ratio of A is the smallest C for which A is C-competitive.

The server problem was first proposed by Manasse, McGeoch and Sleator
[14] and the problem has been studied widely since then. They also introduced
the now well-known k-server conjecture, which states that, for each k, there
exists an online algorithm for k servers which is k-competitive in any metric
space. The conjecture was immediately proved true for £ = 2, but for larger &k
remains open except in special cases, including lines [8], trees [9], and spaces
with at most k + 2 points [11]. Even some simple-looking special cases have not
been settled, for example the 3-server problem in the circle and in the Euclidean
plane [8,9,12]. In general, the best currently known upper bound is 2k — 1,
given by Koutsoupias and Papadimitriou [12]. Thus there is a rich literature for
deterministic online algorithms for this problem.

Randomization is a powerful for many online problems [7]. Yet, very little is
known for randomized algorithms for the k-server problem. It seems to be quite
hard to determine the exact randomized competitiveness of the k-server problem,
that is, the minimum competitiveness of any randomized online algorithm for
the server problem. Even in the case k = 2 it is not known whether its compet-
itiveness is lower than 2, the known value of the deterministic competitiveness.
This is surprising and it is quite intuitive that a “better than 2-competitive”
algorithm should exist. In fact, 1 + %~ 1.6065, is the greatest lower bound
with a published proof (see [10]) on the competitiveness of any randomized on-



line algorithm.? There has been some progress for special cases. The randomized
competitiveness is known to be % for all uniform spaces and is also known for
three-point spaces [13]. For the special case of the line, Bartal et al. [2] have
given a randomized algorithm with a competitive ratio of % ~ 1.987.

Our Contribution. In this paper we give a randomized online algorithm for
the 2-server problem in Cross Polytope Spaces with optimal competitive ratio
of %. Cross Polytope Spaces, denoted by May, have been studied extensively
as early as the 19" century, see Schlifli [15], as well as Figure 1. They consist

of all metric spaces such that

— all distances are 1 or 2,
— d(z,y) +d(y, z) + d(z,x) < 4.

By an abuse of terminology we will sometimes simply say “the metric space
Moy 4”7 to denote this class of metric spaces.

In terms of the server problem, Ma, generalizes uniform spaces and thus
paging. It is also useful to gain insight into the 2-server problem over more
general spaces. Our technique can, in principle, be used to design algorithms
for spaces My, ¢ < %, where distances are 1,...,¢ and the perimeter of every
triangle is at most k.

Our algorithm is not derived in an ad hoc way, instead it is constructed by
using a design technique called the knowledge state technique. It is worth men-
tioning that it would be hard to come up with the actual behavioral algorithm,
which we call the “wireframe algorithm”, if one were not to use this technique.
Yet the algorithm can be easily implemented and uses little memory, though the
derivation and the proof of competitiveness is only via the technique.

In the next section we briefly describe the knowledge state technique, and
then give a knowledge state description of the algorithm together with a proof
of competitiveness. This description is in what is called the mixed model of
computation — a generalization of a distributional description of a randomized
online algorithm. As mentioned, the technique makes it easier to contrive the
%—competitive algorithm. In this form however, the algorithm would be hard to
implement as it is not described in the usual behavioral way. Thus in Section 3 we
translate this description into the behavioral (and easily implementable) wire-
frame algorithm. We are also able to show that our algorithm has a competitive
ratio, which is best possible; we show the lower bound in Section 4.

2 Knowledge States

We remind the reader that many randomized algorithms are given in distribu-
tional form, including a number of well known paging algorithms, e.g. [1,3].
For the 2-server problem, such an algorithm is essentially a state transition di-
agram, where each state is a probabilistic distribution of configurations (each
configuration is a set of two points in the space — the locations of the servers); a

3 A lower bound very slightly larger than 14 e77 is given in [10], but without proof.
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transition from one state to the next state is a deterministic transition to a new
distribution. Figure 2 illustrates such a step. Here the algorithm has both servers
initially at configuration (x, z). Serving request r the algorithm transitions to a
distribution with mass % at (r,z) and mass % at (r, z). Unfortunately the num-
ber of configurations in each state (and hence the number of states) can increase
arbitrarily. One way to help avoid this is to allow non-deterministic transitions.
We note that we have a great degree of freedom in designing our state transition
diagram. As it turns out, our algorithm needs only eight states to achieve the

optimal competitive ratio.

We describe our algorithm and the lower bound result in terms of knowledge
states. We describe knowledge states briefly in this section and refer the reader
to [5,6] for a more detailed description of this concept. It incorporates non-
deterministic transitions as well as estimates on the offline cost.

As mentioned above, we use a variation of the distribution model to describe
our randomized algorithm. That is, at each step the state of the algorithm will
be described by a probability distribution on the set of all possible configurations
at that step. The distribution model is equivalent to the behavioral model for
randomized online algorithms against an oblivious adversary; see, for example,
[7]. In the standard distribution model, the algorithm deterministically chooses
a distribution at each step, but in this paper we allow the algorithm to use
randomization to choose the distribution. We call such a step a Las Vegas Step;
the reader might preview Figure 4. This variation, called the mized model of
randomized algorithms, is a generalization of both the behavioral model and the
distributional model.

Let X denote the set of all configurations. (Naturally, for the 2-server prob-
lem, a configuration is simply a 2-tuple (a, b) of points in the metric space, which
describes the location of two servers.) We say that a function w : X — R is Lip-
schitz if w(w) < w(u) + d(u,w) for all u,w € X. An estimator is a non-negative
Lipschitz function X — R. If § C X, we say that S supports an estimator w if,
for any w € X there exists some u € S such that w(w) = w(u) + d(u, w). If w is
supported by a finite set, then there is a unique minimal set .S which supports w,
which we call the estimator support of w. We call the cardinality of the support
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Fig. 3: The Knowledge States

the order of the estimator. We say that an estimator w has zero minimum if
min,ey w(u) = 0.%

A knowledge state algorithm [4-6] is a mixed online algorithm that computes
an estimator at each step. The estimators used throughout this paper will have
very low order, i.e. the estimator can be described by giving values on very few
configurations. Furthermore, distributions of a knowledge state algorithm are
only concentrated on the estimator support, i.e. they are zero on all configura-
tions other than the configurations in the estimator support.

More formally, if A is a knowledge-state algorithm, then:

1. At any given step, A keeps track of a pair (w, ), where 7 is a finite distri-
bution on X, and w : X — R is the current estimator. The distribution is
positive only on configurations which are in the support of the estimator w.
We call that pair the current knowledge state.

2. If § = (w, ) is the knowledge state and the next request is r, then A uses
randomization to pick a new knowledge state S’ = (', 7).

We now describe Item 1 for our specific situation. Thus, let M be a metric
space in the class Maoy. We will call a finite set of points S C M a constel-
lation. To define the knowledge states for our algorithm, we only need a total
of eight constellations, where each constellation has no more than four points.

4 We remind the reader of the concept of a work function. Work functions are estimator
functions. For example, work functions were used by Lund and Reingold [13] to
describe an “opt-graph”, which describes all possible moves of an optimal adversary.
In short, work functions provide information about the optimal cost of serving the
past request sequence. For a request sequence g, by w®(u), we denote the minimum
cost of serving ¢ and ending in configuration w.
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Fig. 4: One Move of the Knowledge State Algorithm

Each constellation is used to define a knowledge state of order no more than
3. In fact, for Moy it will suffice to consider a very small and simple class of
knowledge states: these knowledge states are shown in Figure 3. In Figure 3, a
line between two points indicates a distance of 1 between the two points, and the
absence of a line means that the points are 2 apart. Note also that for any point
x € M, we denote an antipodal point (i.e. a point a distance of 2 away) by Z.
The ovals encircling two points are the support configurations of the estimators
and distributions; the red numbers (the numbers to the left in the pairs of num-
bers) give the values of the distribution and the black numbers (the numbers to
the right in the pairs of numbers) give the value on the support of the estima-
tor. We refer to these knowledge states as Ay, Bayz, C2, Days, Eyz, Frz, Go» and
H,.. When we only refer to the configurations we will use the same notation
except we will use lower case letters; thus the constellations are referred to as
Gz bryzy Coydyyzy €22, f22, 9z and hy.. We finally note that the numbers in the
boxes denote a potential, which is used later.

We now turn to Item 2 and describe how, using randomization, a new knowl-
edge state is chosen. Given S = (w,7) and r there are subsequent knowl-
edge states S; = (w;, ;) and subsequent nonactive weights \; for i = 1,...m,
> A = 1. Then for each 4, A chooses S’ to be S; with probability \;. Again,
for Ms 4, Figure 3 shows all eight possible subsequents.

We will now discuss how we can see if a knowledge state algorithm is compet-
itive. Given the subsequents, a real number adjust 4(S,r) is computed such that
(wAr)(u) > adjust 4 (S,r) + >, Niw;i(u) for each 2 € X, where we define func-



tion wAr as (wAr)(w) = min {w(u) + d(u,w) | u > r}. We will use a standard
potential argument to prove competitiveness, and thus we will need to associate
a potential ¢ with each knowledge state. We now define the update condition
for a given step. To this end, fix competitive ratio C' > 1. Let S be the current
knowledge state, let {S;} be the subsequents for the current step, and X; be
the probability that S; will be chosen in this current step. Let cost 4 to be the
expected cost of the algorithm A. Then the update condition is that

®(S) > costq — C - adjust + Z X D(S;) . (1)

We will make use of the following lemma from [5, 6]:

Lemma 1. If the update condition holds at every step of a knowledge state al-
gorithm then the algorithm is C'-competitive.

KS State|Request Resulting KS & | D1 |offset| cost 4|slack
Axz T Cx 0 % 1 1 %
Azxz r Bxzr 0 % 1 1 0
Bxyz T Axz % 0] O % %
Bxyz zZ Bxyz 1—72 % 1 1 %
Bxyz T Dyzx 1—72 % 1 1 0
Bxyz r %Bmyr + %B:rzr + %Byzr % 1—72 % 1 %

Cz r Gzr 1—52 1] 1 1 0
Dzxyz T Ezx % ﬁ 0 i 0
Dxyz z Cz 1IN EERE:
Dzxyz T %Dyza’: + %Dyii’ + %Gzi % % % % 3—16
Dzxyz r %B:rzr + %Byir % 1—72 % 1 %
Exz T Fzx 1—52 % 1 % 0

Exz T Azz % 01 0 % 0

Exz z Azz 1—52 01 0 1—52 0

Exz r Bxzr 1—52 % 1 1 1%

Fxz T Ezx % 1—52 0 % 0

Fzz z Cz 212 o = | &

Fxz T H:zx % % 1 % 0

Foe | o+ 16 [B[ L[ 8T

Gxz T Axz 110 O 1 0

Gzrz zZ Cz 1 ﬁ 1 1 %

Gzrz r Azxr 110 % 1 %
Hzxz r %Bmzr + %Biir % 1—72 % 1 %
Hxz x Ezx % 1—52 0 1 %
Hxz z Cz HEIG S

Table 1: The Knowledge State Algorithm for Ms 4



Figure 4 shows the step where the knowledge state S is Dxyz and T is
requested. For S we have an estimator with support w({z,z}) = w({z,y}) =
w({z,z}) = 0 and distribution 1 on {z,z}, 1 on {z,y} and 3 on {z,z}. In this
situation the knowledge state algorithm chooses knowledge states G.z, Dy.z,
and Dyzz with equal probability of % (See the single numbers on the edges
under the Las Vegas sign in Figure 4.) Next, we will argue that the update
condition, i.e. inequality 1, does indeed hold for this step. To argue this we first
focus on the “intermediate state” W depicted to the right of Dxyz. First note by
using elementary arithmetic that the weighted average of the three subsequent
states G.z, Dy.z, and Dyzz gives exactly the intermediate state W, both its
distribution as well as its estimator function.

Turning now to wAZ it is easily calculated that the resulting estimator sup-
port set consists of {{z,x},{z, z},{Z, 2}, {Z,y}} with value 1 on all the ele-
ments in the support set. Note now that if wAZ is lowered by %, this func-
tion is equal to the estimator of W. In other words, if adjust 4(S,Z) = %, then
(WAZ) — adjust 4(S, T) is the estimator of W. (The value adjust 4(S,T) appears
as the second value under the arrow from Dy, to W in Figure 4.)

We now analyze the cost of the algorithm for the step. It is the cost of
the move from the distribution of Dzyz to the distribution of W. We remind
the reader that this can be done solving a transportation problem. An instance
of the transportation problem is a weighted directed bipartite graph with dis-
tributions on both parts. More formally, an instance is an ordered quintuple
(A, B, cost, «, ) where U and V are finite non-empty sets, « is a distribution
on U, (3 is a distribution on V', and cost is a real-valued function on U x V. A
solution to this instance is a distribution v on U x V such that

1. y({u} x V) = afu) for all u € U.
2. (U x {v}) = B(v) for allv e V.

Then cost(y) = > ,cu 2ovev V(u,v)cost(u,v), and v is a minimal solution if
cost(y) is minimized over all solutions, in which case we call cost(y) the min-
imum transportation cost. The left part of Figure 5 shows the instance of the

transportation problem which results from the situation in Figure 4. A solution

of the problem is given by the following: Move % from {z,z} to {Z,z}, move ¢
from {z,y} to {Z,y}, move % from {z, z} to {z, 2}, move 1 from {2, z} to {z, 2},
each at cost 1; and 15 from {z,y} to {Z,z} at cost 2. Thus the total cost of the

algorithm in this step is % (This number also appears as the first value under

the arrow from Dy, to W in Figure 4.)

Finally we fix competitiveness C' = % We are now ready to check the update
condition 1 for this step. We have &(S) = %; cost 4 = %, C - adjust = % . % and
> A B(S;) =22 Thus &(S) — cost 4 + C - adjust — Y, A D(5;) > 0.

A complete listing of moves of the algorithm is given in columns one to three
of Table 1.

We have:

Theorem 1. The knowledge state algorithm of Table 1 is C-competitive with

= 19
C=4.
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Proof. Update condition 1 is verified for every step in Table 1.

3 The Wireframe Algorithm

The knowledge state algorithm described in the previous section was analyzed
in the mixed model of computation. We recall that this implies that there is a
competitive behavioral online algorithm. The following lemma is well-known. (It
is, for example, implicit in Chapter 6 of [7].)

Lemma 2. The mized model and the behavioral model of randomized online
algorithms are equivalent, in the following sense. If Ay is an algorithm of one of
the models, there exist an algorithm As of the other model, such that, given any
request sequence g, the cost of As for o is no greater than the cost of Aj.

We will now translate our algorithm into behavioral form, a form in which it
is easy to implement the algorithm into an actual working computer program.
The resulting behavioral algorithm is called the “wireframe algorithm.” At each
step, in addition to the position of the two servers, the algorithm also keeps track
of certain points in an octahedron. This can be best illustrated by a wireframe
of an octahedron; see Figure 6. In the situation depicted in Figure 6 (see top
octahedron) the server positions are at points y and z and the algorithm keeps
track of constellation dg, .. (See the dashed lines.) Note that constellation dgy.
can be best thought of as the wireframe shown in Figure 6 (top part). Next, the
Figure (lower part) shows the behavior of the algorithm if Z is requested. With
probability % the algorithm moves the server at point y to point & and and the
server at point z to x and goes into state (i.e. wireframe) dy ,z. With remaining
probability % the algorithm does exactly the same server movements (y to &
and z to x) and goes into state (i.e. wireframe) dyzz. Furthermore, with equal
probabilities % the wireframe algorithm moves the server at point z to point
and goes into state (i.e. wireframe) dy.z or dyzz.

Note the following:

— The algorithm has no concept of knowledge states, it merely remembers
where the servers are and keeps track of only very limited extra information.
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Fig. 6: One Move of the Wireframe Algorithm

Upon a request, depending on this extra information, the algorithm then
decides how to move the servers and how to update its information.

— A server algorithm is called lazy if, in a step, it only moves one server to serve
a request and it does not move any other server. Note that the algorithm is
non-lazy.

— In the situation described in Figure 6 the request to  is served by moving the
server at point z to point T with probability % = %4— %, but the constellation
memorized by the algorithm after the move is either dy.z or dyzz. With
probability % = % + %, the algorithm moves the server at point y to point &
and and the server at point z to x. (Again, with the caveat that two different
constellations are possible after the move.)

For the behavioral move just described we will use the notation:

|dmyza yz|j|%{dyziu $£i‘} + %{dyziu yj} + %{d/yiiu $£i‘} + %{dyiia yi’H

Using this notation, the wireframe algorithm is completely described in Ta-
ble 2.

The derivation of the behavioral algorithm from the mixed algorithm is rou-
tine (it is described in general in [5,6]); we will briefly discuss how the step of
Figure 6 results from translating the transition of Figure 4. The translation uses
the solution to transportation problem of Figure 5. Note that there is proba-
bility mass of 1 at {(z,y)}. Mass {5 is moved to {(Z,2)} and mass § is moved
to {(Z,y)}. Thus, given that the constellation is {(z,y)} the conditional proba-
bilities for {(Z,z)} and {(Z,y)} are % and 2 respectively. Following Figure 5 to
the right, we see that the mass 3 at {(Z,z)} is equally divided between constel-
lations d.z and dyzz. The same is true for the mass at {(Z,y)}. We conclude
that the algorithm chooses with probability ¢ servers at {(zZ)} with dy.z, with



probability % servers at {(yz)} with dy.z, with probability ¢ servers at {(zz)}
with dyz3, and with probability + servers with {(yz)} with dyz;.
In summary we have:

Theorem 2. The wireframe algorithm of Table 2 is C-competitive with C = i—

4 The Lower Bound

Indeed, the competitiveness of the wireframe algorithm is best possible:

Theorem 3. Let A be any randomized online algorithm for the 2-server problem
for My 4. Let C be the competitiveness of A. Then C > %

Proof. We only give a sketch; the formal proof will be given in the full paper. We
refer to Figure 7. Consider the cross-polyhedron {z, Z,y, 7, z, Z}. Without loss of
generality, the initial server position is {(z,y)}. We call this situation START.
Now consider:

Adversary requests z; pays 1.

A serves request; pays 1.

Without loss of generality, A is at  with probability <
Adversary requests ¥; pays 1.

A serves request; pays 1.

1
3

U Lo

It can easily be argued that the probability that .4 has a server at y is not smaller

than % and that the probability that there is a server at x is not larger than %.

6. Adversary requests z, pays 0.
7. A serves the request; pays > %.

We call this situation the MIDDLE, see Figure 7.

Let
p = probability there is a server at y
q = probability there is a server at z
r = probability there is a server at y

Then p+q+r=1.
Case i: ¢ + 2r > 2 (Return to START)

a) Adversary repeatedly requests g, , i.e. hammers at {(7,z)}; pays 0.
b) A must move server from y and z to y; pays q + 2r.

Situation has returned to START: Adversary has paid 2, A has paid no less than
2+ % + % = %. Thus the ratio is no less than 12

12
Case ii: ¢+ 2r < & (Cycle back to MIDDLE)



a) Adversary requests y, pays 1.

b) A serves request and pays 1 — r. Thus, the probability that there is a server
at z after this move is <1 — p.

¢) Adversary requests z, pays 0.

d) A serves request, pays > p.

We have now returned to MIDDLE, with the roles of y and g interchanged. The
”middle loop” consists of the two requests between the two times of MIDDLE.
Analysis of the middle loop: Adversary pays 1. A pays no less than (1 —r)+p =

P+ +p=2p+q¢But 2p+q=2(p+q+r)—q—2r>2—- 35 =1.

= <=1-p0
11 >=p 0
J1
g+2r 0 po ri
@ (hammer x ang 0
START MIDD

MIDD

Fig. 7: The Lower Bound Graph

5 Concluding Remarks

The knowledge states from Figure 3 were found by trial and error using computer
experimentation. We mention that there exists a slightly simpler knowledge state
algorithm for Ms 4, which is of order 2, with competitiveness %. We note that
for that case we also have calculated, through computer experimentation, the
minimum value of C in the sense that no lower competitiveness for any order 2
knowledge state algorithm for My 4 exists. This value is C' = mfil‘éﬁ

These results, as well as our results for the server problem in uniform spaces
(equivalent to the caching problem), indicate a natural trade-off between com-

petitiveness and memory of online randomized algorithms.
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doyz,x2|Z|1{cs, 22}

duy=,yz|Z|1{cs, 22}

doyz,22|Z|1{cz, 2Z}

doyz, x2|7|H{bszr, zr}

dayz,yz|T %{bmmzr} + %{byg'm zZr}

doyz, 22|17 |1{byzr, yr}

dpyz, T2|T %{dyzi,:csi} + %{dygi,:csi}

dmyﬁyz z %{dym??xi} + %{dyzbyﬂ_?}
+%{d?ﬂiv :E:E} + %{d?ﬂiv yf}

dayz, 22|T| {92, 22} + 3{g22, 23}
+2{dyzz, 22} + 2{dyzz, 22}

€xz, 02 || frz, 22}

€wz, T2 |T|1{ f20, Tz}

exz, vz |Z|1{az-, Tz}

€z, T2 |Z|1{az-, T2}

€xz, 22 |T|1{bzzr, 27}

€xz, T2 |T %{bizr,ir} + %{bizr,zr}

€xz, vz |Z|1{az., Tz}

€xz, T2 |T|1{az., T2}

Joz,xz|z|1{€s0, 2}

Juz, 22| }—g{ezz, zx} + %{ezz, zZx}

foz,22|Z|1{cs, 22}

foz, 22|Z|1{cz, 22}

foz,x2|T|1{hz, 2T}

foz, 22|25 {hoz, 22} + {2z, 2T}
+3{hzz, 22}

Jezyzz|r|H{agr, zr}

fuz, 22|T l—g{am-wr} + %{gzmzr}
+2{g.r, 21}

Guz, 2 |x|1{a0zs, 22}

Gz, T2|x| s, 22}

Joz, 22| Z|1{cs, 22}

Juz,T2|Z|1{cz, 22}

Gz, 2|7 | H{azr, xr}

Gz, 2|7 | H{azr, 21}

haz, 22|12 {bazr, o1} + £ {bszr, 21}

hez, T2z|T %{bzzr,zr} + §{bigr,i’7’}

haz, 22|r|1{bzzr, Zr}

hez, xz|x|1{eze, v2}

he», Tz|x|1{€z0, 22}

hez, Z22|2 %{65m7IZ} + %{egmxz}

hex,xz|Z|1{cs, 22}

hex, Tz|Z|1{cs, 22}

haez, 22|Z|1{cs, 22}

Table 2: The Moves of the Wireframe Algorithm




