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Abstract

An efficient randomized online algorithm for the paging problem for cache size 2 is given, wlgetdmpetitive against an

oblivious adversary. The algorithm keeps track of at most one page in slow memory at any time. A lower bggj

Rd105416

is given for the competitiveness of atracklessonline algorithm for the same problem, i.e., an algorithm that keeps track of no
page outside the cache.2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

No randomized online algorithm for the paging
problem can be less thaH;-competitive regardless
of the available resources, whekeis the number
of cache locationg. Known Hj-competitive paging
algorithms, such as Partition and Equitable [1,3], keep
track of (i.e., mark) pages in slow memory. A mark
to a page in slow memory must be implemented by
some kind of identifier that permits an algorithm to
determine whether a page fault is to that particular
page. We refer to that identifier abaokmark

Recently [2] the concept dfacklessnessvas in-
troduced for the server problem. This formalization of

* Corresponding author.
E-mail addressedein@cs.unlv.edu (W.W. Bein), rudolf@mpi-
sh.mpg.de (R. Fleischer), larmore@cs.unlv.edu (L.L. Larmore).
1Research supported by NSF grant CCR-9821009.
2H = Zleifl, thekth Harmonic number.

the concept is new, but many known algorithms, e.g.,
HARMONIC [7,9] and BALANCE_2 [8], are track-
less. Tracklessness is a property of an online algo-
rithm for the server problem which is a restriction on
what input data the algorithm uses in its computation,
and on what outputs the algorithm gives. Reducing
the paging problem to the server problem in a uni-
form space [5,10], the tracklessness restriction trans-
lates into the rule that no bookmarks are used. Among
known algorithms for the paging problem, LRU (least
recently used) is trackless. The best known general
trackless randomized algorithm for the paging prob-
lem is MARK, which is known to bé2H;. — 1)-com-
petitive [1,4].

In this paper we show that the use of bookmarks
is indeed necessary to achieve optimal randomized
competitiveness for the paging problem. We also show
that no trackless randomized algorithm for the paging
problem fork = 2 can be 1.54-competitive, regardless
of the availability of other resources. On the other
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hand, we present a randomized algorithm which uses resulting from the choice in step 1. As discussed, al-

only one bookmark, and which achieves the optimal gorithm.4 has threeomputational state SATISFIED,

competitiveness of.5. BOOKMARKED anduNSATISFIED. A page request can
be to a page that is unrecognized, or kept as a book-
mark, or currently in cache. We call the page in the

2. Paging with one bookmark cache that was most recently requesfeior, the
othersenior. Initially, one of the two pages in cache

In this section we describe a randomized online s arbitrarily calledjunior. The bookmarked page is

algorithm A for the paging problem fork = 2, referred to abookand the current request is called

which uses just one bookmark. Algorithrhis barely  \we define théenof an algorithm to be the set of those

random [4], in fact it uses only one random bit pages that are either in the cache or bookmarked. We

regardless of the length of the request sequence. Wesay, that a page isnrecognizedf it is not in the ken.

define two deterministic algorithms}, and . Ap. A Note that the cardinality of the ken of both algo-

simply emulates4 4 with probability 3 and emulates  rithms 4, and A is 2 if the state iSSATISFIED or

Ap with probability%. Aa and A are quite similar, UNSATISFIED, and 3 if the state iIBOOKMARKED. In

in fact they behave exactly the same except in one fact, although algorithmsl, and.Ap differ, they have

situation. same ken and state at every iteration. More specifi-

At the outset, our algorithm is strikingly similar to  cally, let K',, K% to be the ken ofd,4, A, respec-

a standard marking algorithm such as Equitable [1]. tively, at stepr. Similarly, write S, , S%, for the compu-

For k = 2, Equitable marks ejected pages as long tational states afl4, and. A at stepr.

as unrecognized requests are made. The page to be

ejected from cache is determined by a probability | emma 1. For any 1, s\ = S, and K, = K&,

distribution dependent on the number of bookmarks. Fyrthermore, if the state iIBOOKMARKED, then the

Then, when a request is made to a bookmarked page that is bookmarked by, is in the cache ofd,

page, the algorithm will erase all bookmarks. The and the page that is bookmarkedHy; is in the cache
bookmarks can be erased because the algorithm carpf 4, .

assume that the optimal cache is equal to its own cache

once such a bookmarked page is requestedk Pog, Proof. We assume inductively that the statement of

the algorithm is more complex, but regardlesskof  he Lemma is true at the end of iteration- 1, and

Equitable consists of phases, where at the beginningghow that the statement is an invariant for iteratipn

of each phase the algorithm assumes that its cachej ¢  after execution of step 4. The statement for the

matches the optimal cache. ken is trivial becaused, and. A differ only whenr
Algorithm A uses a maximum of one bookmark g unrecognized and State SATISFIED.

throughout. As an unrecognized page is requested, A for the statement about the computational states,
such a page is bookmarked and the algorithm switches pgie that becaus@j(l _ K}t;l a requested pageis
from mode “satisfied” to “bookmarked”. Like Equi-  ynrecognized byd, if and only if it is unrecognized
table, A becomes “satisfied” if there is a requestto a py 4, In this case, an iteration of step 4 executes the
cache page or the bookmarked pagediffers from else-case for both algorithms and thereffe= 5.
Equitable in its behavior on a second consecutive Un- o the other hand. if is recognized, then in cases

recognized request. Rather than using a second book-,. _ seniorandr = bookthe resulting state is always
mark, it instead moves into a third mode, which we g r1spep. O

call “unsatisfied” and erases the bookmark. It is sur-
prising, yet it is the key for the motivation for our al-
gorithm, that if we let the algorithm return to the “sat-
isfied” mode on the very next request, the algorithm
does not lose competitiveness.

Table 1 describes the details of the algorittdn
Note that we refer tad4 and Ap as the algorithm costy (x) + cost (x) < 3coSbpt(x) ()

Theorem 1. A is %-competitive against an oblivious
adversary.

Proof. Itis sufficient to show that
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Table 1
The 1-bookmark algorithrd

1. Version is4 4 or Apg with probability%;
2. State= SATISFIED, book = EMPTY;

3. Readf);
4. switch¢)
caser = junior /* request to junior cache page */
no action
caser = senior / * request to senior cache page */

book= EMPTY;
State= SATISFIED;
caser = book /* request to bookmarked page */
Ejectsenior, book= EMPTY;
State= SATISFIED;
else /*  request is unrecognized */
if State= SATISFIED
Version= A 4: book= junior; Ejectjunior;
Version= Ap: book= senior, Ejectsenior,
State= BOOKMARKED
if State= BOOKMARKED
Ejectsenior, book= EMPTY;
State= UNSATISFIED;
if State= UNSATISFIED;
Ejectsenior, book= EMPTY;
State= SATISFIED;
5. goto 3;

if x is any request sequence. We may assume that the Our proof parallels the breakdown into cases in the
adversary chooses each service in such a way that itsiteration(s — 1) to ¢ in Table 1. The first two cases deal
overall costis optimal, i.e., the adversary will eject the with the part of the iteration before the “else”, i.eis
page that will be requested furthest in the future. Let recognized as = junior, or r = senior, or r = book

A’ be the contents of the adversary’s cache at time

1. Definecosty, to be the optimal cost at step and Casel: We consider the situation that= junior or
cost, and cost; the cost of A4 and Az at stepr, r = senior, and State= SATISFIED Of UNSATISFIED.
respectively. Note that if the state is eithelSATISFIED or

We define a potentia’ at each timer > 0 as UNSATISFIED, then, by Lemma 14, and Az have

follows: the same junior and senior pages. Further note that we
0 if " =saATISFIEDandA’ =K', can immediately dispose of the case that junior
3 if §' = saTIsFIEDANdA’ # K, as then therg iS no changg in potentiql and all costs
# =11 K —soommmeoman Sk @) ey A o oo sooin ps0
4 if " =BOOKMARKED andA’ ¢ K, cases.
2 if S" = UNSATISFIED. Casel.1l:r € A'~1. The left side of (3) is 0, since

i Al = K! = At—l
We claim that N o] . ]
, 1 Casel.2:r ¢ A’"*. In this case&osbpt = 1, which
@' +cost; +cosf < &'+ 3cospy, ©) implies that the right side of (3) is at least 3, while the
for all ¢, which implies (1). left side of (3) is at most 3.
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Case 2: We cover the remaining cases before
the else-case. As in case 1, we assumg junior.
Therefore, these situations occur under the condition
that State—= BOOKMARKED and r = senioror r =
book Equivalently, this condition can be expressed
as: State= BOOKMARKED andr € K’~1. By Lemma
1, r = seniorfor A4 andr = bookfor Ag, or vice
versa. Thuscosty +costz = 1, and the new state is
SATISFIED. We consider two subcases.

Case2.1:r € A1, @' =0, sinceA’ = K' = A",
thus the left side of (3) is 1. The right side of (3) is at
least 1.

Case2.2:r ¢ A'~1. In this casecosbpt = 1, which
implies that the right side of (3) is at least 4. Since
@' < 3, the left side of (3) is at most 4.

The final three cases deal with situations wheig
unrecognized in the iteratio — 1) to # in Table 1.
For these cases we always haesty + costy = 2.

Case3: r is unrecognized, State SATISFIED.

Case3.1: r € A'"L In this case,@’~! =3 and
@' = 1. Both sides of (3) are equal to 3.

Case3.2:r ¢ A’ In this casecostpt = 1. The
optimal algorithm ejects one member 4f~1 but not
the other.

Case3.2.1:K'~1 = A1, In this case@’'~1 = 0.
Whichever page is ejected by the optimal algorithm is
either retained byd4 and bookmarked byl or vice
versa, thusA’ C K. Both sides of (3) are equal to 3.

Case3.2.2:K'~1 £ A'~1 We haved’~1 = 3. The
right side (3) is 6, while the left side is at most 6.

Case4: r is unrecognized, State BOOKMARKED.
The new state iNSATISFIED, thus®’ = 2. The left
side (3) is 4.

Case4.1:r € A'~L. Then®'~1 = 4, andcostp; =
0. Both sides of (3) are equal to 4.

Case4.2:r ¢ A’ Then®'~1 < 1, andcostp; =
1. The right side of (3) is at least 4.

Caseb: r is unrecognized, State UNSATISFIED.
Theno'~1=2.

Caseb.1:r € A'~1. Then®’ = 0, andcosbp; = 0.
Both sides of (3) are equal to 2.

Case5.2:r ¢ A'~1. Then®’ < 3, andcospi = 1.
The right side (3) is 5, while the left side is at most 5.

This concludes the proof of (3), and therefore
Theorem 1. O
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3. Paging without bookmarks

We now show that one bookmark is crucial: any
randomized algorithm that does not use bookmarks
cannot achieve optimal competitiveness.

3.1. Preliminaries

As before, we refer to theptimal cacheas the set
consisting of those two pages that would be in the
cache if the optimal offline strategy were followed.
We consider only request sequences consisting of lazy
and fresh requests and make the usual assumption
that no page is requested twice in a row. Offline
strategies using only lazy and fresh requests can be
fully described using symbols, b, s. The symbolu
denotes, “Fresh request; eject the newer page”. The
symbol b denotes, “Fresh request; eject the senior
page”. The symbok denotes, “Hit” (always on the
senior page, as we assume that no page is requested
twice in a row). Conveniently, responses by a trackless
algorithm can be described using these symbols as
well, wherea means “Fault; eject the junior page” the
symbolb denotes, “Fault; eject the senior page”, and
the symbols denotes “Hit”.

For example, if the request sequencedisiss,
the set of possible algorithm response sequences is
exactlyasass, asbab, asbbs, baaab, baabs, babab,
babbs, bbass, bbbab, bbbbs, where we assume that
the optimal and algorithm cache are matched at the
beginning and the end. (Without the assumption that
caches be matched at the end of the sequence there are
four more possible responsespaa, baaaa, babaa,
bbbaa.) To see this, refer to the parse diagram in
Fig. 1. The solid lines represent requests, and the
shaded lines refer to the responses an algorithm can
give. Nodes labeled 1 or 2 refer to situations where
the optimal and algorithm’s cache are matched or
unmatched, respectively. For the the request sequence

QOROROOO®OO

Fig. 1. The parse diagram.
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Table 2
Fundamental strategies
i X; cj COSbpt(x;) i X ci COosbpt(x;)
1 assss 3/14 1 5 bssss 3/14 1
2 aasss 1/14 2 6 basss 1/14 2
3 asass 2/14 2 7 bsass 2/14 2
4 aasas 1/14 3 8 basas 1/14 3

asass, one starts parsing at the root node labeled 1 Finally,
(of the left tree). If the algorithm responds with .

one arrives at a leaf labeled 1 and the caches areAy >0 forallywith A, =1, 7
matched. Therefore, parsing continues at the root with yyheres denotes the empty string.

label 1. The next request is which can only have We call conditions (7jundamentatonstraints, con-

as a response which again leads to a leaf labeled 1.djtions (5) and (6)online constraints, and conditions
Continuing once again at the root labeled 1 with (4)competitiveconstraints.

requestz, the response can be eitherder b. If it is
b, then one reaches a leaf labeled 2, thus the caches arg 2 A |ower bound 0%71
unmatched and parsing continues at the root labeled 2.

The final two requests are bathlf the first response We now prove that no trackless randomized algo-
is b, the.n one is at a node labeled 1 and the responseyjinm can have competitiveness less tﬁn To this
Iﬁr the flnalts request can only b% Wz (r:]onclubdbe that end we show that, for any < 3771 and for any constant

€ request sequenagass can INdeed Navesbos as g 44 for any trackless randomized online algorithm

aresponse, .bUI hot, saysbba. C_arefully parsing all A, there exists a request sequepder which
possibilities in the the parse diagram, one sees that

of the P possible strings of length 5, only the 14 Ecost4(o) > K +Ccosbpt(g).3

strings mentioned above are feasible dotss. Note h ,
that the request sequenaeass has cost 2, whereas To construct that randomized request sequence

the feasible responses fosass range in cost from 2~ We consider the eight Iength_—limi;ed request sequences
t0 5. S = x1, x2, x3, X4, X5, X6, Xg given in Table 2.

After any one of these eight length-limited request
sequences has been requested we assume that the
optimal and algorithm cache are matched. If that
were not the case, we could simply lengthen the
request sequence by appending sufficiently many lazy

For a randomized algorithia, let A, denote the
conditional probability that algorithmd responds with
v, given thaty is a feasible response. If the algorithm
A is C competitive, then

Z costy(y)Ay < Ccosbp(x) forallx. (4) requests, without extra cost to the optimal offline
y is feasible strategy. With this stipulatiorg is simply obtained by
for x starting with the empty string and then appending
If there is a page fault for algorithid, then it is legal repeatedly, for somé e 1,...,n, x; € S to ¢ with
to respond with eithes or b, i.e., probabilityc;.
Aya +Ayp=A, forally. (5)

Lemma 2. Let A be a randomized online algorithm
If there is a hit, then, the algorithm will respond with  for the paging problem with cache si2e Then, for

s. A hit occurs if and only Ify and ys are feasible any constantC < 3_471’ and for any constank, there
responses, thus,

Ays=A, forally. (6) 3 As usual,E denotes the expected value.
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exists a request sequengesuch thatE costy (o) >
K + C cosbpt(o).

Proof. To prove the lemma it is sufficient to show that

8

8
Z ¢ Ecosty(x;) > 3] Z ¢i COSbp(x;).
i=1 i=1

We first note that

8
Zci COSbpt(x;) = 172

i=1
We now show

8
ZC"E costy (x;) > 3L

i=1

Since the algorithm and optimal cache are assumed to

W.W. Bein et al. / Information Processing Letters 76 (2000) 155162

+ 4Apavbs + 3Abbass + SAvbbab
+ 4 Appbbs,

costs (x4) = 3Aaasas + 4Aaasbb + 5 Aabaab
+5Aababe + A Aabbas + SAabvwb
+ 5Apaaab + SAbaabb + 4Apavas
+ 5Apavbb + S Apbaab + SAbbabi
+ 4 Apbas + SAbbiwb

costs (x5) = Apssss + SAaaaab + 4Aaaabs
+ 3Auabss + 2Aabsss,

costs (x6) = 2Apasss + SAbbaab + dApbabs
+ 3Apbpss + DAaaaab + 4Aaaabs
+ 3Aaabss + SAabaab + 4 Aababs
+ 3Aabbss.

(10)

(11)

(12)

(13)

be matched at the end of the length-limited request costy(x7) = 2Apsass + 4Apsbap + 3Apspps

sequence we may assume tbatwill not give a as

a response at the last step. Since the fifth service is

not a, we conclude, by the online constraints, that
Ay = Ayy = Ay, foranyy of length 4.

We now make use of a symmetry to further reduce
the complexity of the system. Defin&, thereflection
of A, by A, = Ap;, Aj. = Auz, and Aj, = Ay, for
all z € I'*. We say that4 is symmetridf A=A, i.e.,
Aq; = Ap; foranyz € I'*. Without loss of generality,

A is symmetric, since
8 8
ZC"E costy(x;) = ZCiE cost, (x;),
i=1 i=1
andA+ 14" is symmetric.

We now consider the online constraints associ-
ated with eachx;. Note that the possible response
sequences foxki,...,xg were parsed out using the
process described in Section 3.1.

costy(x1) = Aassss + S Apaaab + A Apaabs

+ BApabss + 2Apbsss. (8)
costy (x2) = 2Aaasss + SAabaab + A Aababs

+ 3Aabbss + S Apaaab + A Apaabs

+ 3Apabss + SAbbaab + 4 Avbabs

+ 3Apbbss 9)

COSEL\(fo) = 2Ausass + A Aasbab + 3Aasips
+ 5Abaaab + 4Abaabs + 5~Ababab

+5Aaaaab + Adbaabs + SAaabab
+ 4Auabps + 3Aavass + SAabbab
+ 4 Aabbbs,
costa(xg) = 3Apasas + A Abasvp + SAbbaab

+ 5 Apbave + A Appbas + SAvbbibw
+5Aaaaab + SAaaavs + 4 Aaabas
+5Aaabvs + SAabaab + 5Aababp
+4Aapbas + SAavbbb-

(14)

(15)

Consider now a weighted combination of the above
eight equations, using weights proportional to the

to form a new equation which will yield the desired
bound. We add 3 times (8), (10), 2 times (9), (11), 3
times (12), (14), 2 times (13), and (15). We simplify
the result by replacingl,, by A, for eachz of length

4, by replacingA4,, and A, by A, for eachy of
length 4, and then combining terms. We then reduce
the inequality by using the online constraints. As an
examplea we have4czass = Aaasa + Aaasb = Aaas-
Also, all values of4 are non-negative. Thus4,,ss +
6Aaasa + 8~Aaasb = 1O~Aaas + ZAaasb = 1O~Aaas- By

the fundamental and online constraints,

A+ Ap=A: =1

We assumeA is symmetric, henced, = 3. Alto-
gether, we have
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8

Table 3
142 ci E costy(x;) Lower bound computational results
i=1 n Fraction Decimal approximation
= 6Aasss +8Aasas + 16Ausha + 12Austp 3 3/2 15000000000
+4Auass + 6Auasa + 8Auash + 7044444 4 32 15000000000
+58Aaaab + 24Aaavs + 28Aaava + 264aabp 5 37/24 15416666667
+12Aabss + 12Aapas + 40Aabaa 6 3724 15416666667
+36Aapab + 12Aapbs + 36Aapba + 36Aanbs 7 303196 15459183673
2 6Aass + 8Au5a + 124455 + 104405 + 58Asaa 8 319206 15485436893
+50A0ap + 124405 + 48A0pa + 48Aupp 9 319206 15485436893
> 14A,, +60A4,, + 604, 10 37232404 15486688852
=T74A, 11 84535458 15487358007

=37

which completes the proof.O 4. Notes and open questions
The minimum number of bookmarks needed for an
optimally competitive (i.e. Hy-competitive) random-
ized online algorithm for the paging problem for- 2
Theorem 2. 3771 is a lower bound on the competitive-  is unknown. It is bounded above H§k2H;] [1]. We
ness of any trackless randomized online algorithm for conjecture that there is an optimally competitive al-

Lemma 2 implies our lower bound:

the paging problem fok = 2. gorithm with its number of bookmarks bounded by
Q (logk) and Qk). We also conjecture that fdr= 3,
3.3. Additional computational results only one bookmark suffices.

The optimal competitiveness of any trackless ran-
domized algorithm for the paging problem for any

Additional lower bounds were found by generat- k > 2 is unknown, but is definitely greater théﬁ

ing a linear program based on Egs. (4)~(7) of Sec- and less than 2 fok = 2. The best-known such al-

tion 3.1. We f:onsidergd request sequences of Iemgth gorithm, MARK, is known not to be optimal, and for

To thatend, in the“onllne,:':md Iundamental c?nstralnts, k = 2, MARK is 2-competitive. However, a trackless

we replaceq_the for alk by“ for aII" |yl < n’. For randomized algorithm for the same problem with com-

the competitive constraints, f_or aid was replac_ed petitiveness less than 2 is known [6].

by “for all |x| < »”, and the individual constraints

were generated using the parsing technique described
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