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Abstract

A technique for clustering data by common attribute
values involves grouping rows and columns of a binary
matrix to make the minimum number of submatrices all
1’s. As binary matrices can be viewed as adjacency
matrices of bipartite graphs, the problem is equivalent
to partitioning a bipartite graph into the smallest
number of complete bipartite sub-graphs (commonly
called “bicliques”). We show that the Biclique
Partition Problem (BPP) does not have a polynomial
time a-approximation algorithm, for any o > 1, unless
P=NP. We also show that the Biclique Partition
Problem, restricted to whether at most k bicliques are
sufficient (i.e. BPP(k)) for each positive integer k, has
a polynomial time 2-approximation algorithm. In
addition, we give an O(VE) time algorithm and
BPP(2), and an O(V) algorithm to find an optimum
biclique partition of trees.

1. Introduction

We consider the problem of clustering data based
on attributes of the objects as expressed in a binary
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matrix. That is, the objects are represented by rows and
the attributes by columns, with a “1” (“0”) in row i and
column j if object i has (does not have) attribute ;.

Binary matrices arise in many applications,
including biology, market analysis, information
retrieval, data mining, and network security analysis
[5,10,11,12,15]. Determining the underlying structure
inherent in these matrices is important. Specifically, we
want algorithms that group rows and columns such that
all common values in the corresponding row groups
and column groups are 1’s, and one obtains a minimum
number of groups.

In market basket analysis, for example, the rows of
the matrix represent customers, the columns represent
products, a “1” in position (i,j) of the matrix indicates
that customer 7 purchased product j, and a “0” indicates
that the customer did not. Then, a cluster of rows and
columns whose values are all 1’s could reveal groups
with common purchasing preferences and trends, an
important part of market research [2]. In the case of
attack graphs, a component of network security
analysis, such clusters might identify particular
vulnerabilities in the network, bottlenecks, or densely
connected sub-networks [11]. An informal description
of applications in other areas can be found in [16].
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Of particular interest are the clusters of 1°s formed
by the association of rows and columns. A cross
association, for the purpose of this paper, is a partition
of the rows and columns into disjoint groups, where
each column group is paired with a specific row group,
and the values of the sub-matrices thus formed are all
1’s [2,6].

The problem of finding cross associations in a
binary matrix is equivalent to the problem of finding
bicliques in a bipartite graph. A bipartite graph is a
graph whose vertices can be divided into two disjoint
sets such that all edges connect vertices in one set with
a vertex in the other set. A biclique is a complete
bipartite subgraph. That is, given a bipartite graph
G=(X,Y,E) and a subset AcC(X UY), the subgraph of G
formed by A4 is a biclique if, for all xe(4nX) and
ye(dnY), {x,y} €E.

A binary matrix can be viewed as an adjacency
matrix for a bipartite graph in the following way: The
rows of the binary matrix correspond to the first set of
nodes X in the bipartite graph, the columns correspond
to the second set of nodes Y, a “1” in row i and column
j indicates that an edge exists between node i and node
j in G, while a “0” indicates that there is no edge.
Paired groups of rows and columns whose values are
all “1” in the matrix then directly correspond to subsets
of wvertices in the graph that induce bicliques.
Submatrices of 1’s, therefore, represent complete
bipartite sub-graphs, i.e. bicliques.

Bicliques have been studied extensively. Peeters
[13] has shown that the problem of finding a biclique
in G with the maximum number of edges is NP-
complete. Hochbaum [8] describes approximation
algorithms for several problems involving bicliques,
including the problem of deleting a minimum weight
collection of edges so that the residual graph is a
biclique. Mishra et al. [9] consider the problem of
finding a maximal subgraph that is almost a biclique, in
the sense that every vertex in A is adjacent to at least
(1-¢) vertices in B. The biclique edge covering problem
asks for the minimum number of bicliques to cover the
edges of G. Results for a special case of the biclique
edge covering problem are described by Bezrukov et
al. [1]. Szeider [14] defines a total biclique cover as a
collection of disjoint bicliques such that every vertex in
the set X is in one of the bicliques. Note that this
definition does not require that every vertex in the set ¥
is in one of the bicliques. Szeider [14] shows that the
problem of determining if a bipartite graph has a total
biclique cover is NP-complete. This problem is not the
same as the Biclique Vertex Partition Problem, as a
total biclique cover as defined by Szeider [14] need not
cover all vertices.

In previous work [6], we described the cross
association problem as the problem of finding a set of
disjoint bicliques that includes all vertices in the graph.
A biclique vertex partition (or a biclique partition) of a
bipartite graph G is a collection {B;} of disjoint sets of
vertices, such that each B; induces a biclique, and each
vertex is in some B;. The associated decision problem
is:

Biclique Vertex Partition Problem (BPP)

Instance: A finite bipartite graph G=(X,Y,E) and a
positive integer k.
Question: Is there a biclique vertex partition of G

consisting of at most & subsets?

We showed that the problem is NP-complete, and
provided a heuristic to find a biclique cover of an
arbitrary bipartite graph in polynomial time [6]. In
addition, we showed that a bipartite graph in which
every vertex is incident to at least one edge has a
biclique vertex partition.

In this paper, we extend our work on BPP in several
ways. We show that BPP has no constant factor
polynomial time approximation algorithm (unless
P=NP). We also consider the fixed parameter variant of
BPP, called BPP(k):

Biclique Vertex Partition Problem (k) (BPP(k))

Instance: A finite bipartite graph G=(X,Y.E).

Question: s there a biclique vertex partition of G
consisting of at most & subsets?

BPP(k) defines a family of problems, for each £ > 0
where the value of k is fixed. We give an O(VE)
algorithm for BPP(2), and a polynomial time 2-
approximation algorithm for BPP(k) when & > 3. This
is not a contradiction to our proof of the
inapproximabililty of the Biclique Vertex Partition
Problem, described in the next section, because the
polynomial run time for the 2-approximation algorithm
for BPP(k) grows with & and hence is not polynomial
when k is variable.

We also give an O(V) algorithm to compute an
optimum solution for BPP when restricted to trees.
Finally, we conclude with open problems and
observations.

2. Inapproximability of the
Partition Problem

Biclique

We now show that BPP cannot be approximated by
a polynomial time k-approximation algorithm for any
constant k. This result depends on previously
established results for the Dominating Set problem.



Given a graph G=(V,E), a dominating set for G is a
subset V' of V' such that every vertex in V is either in V'’
or is adjacent to a vertex in V. The associated decision
problem is defined as follows:

Dominating Set

Instance: A finite graph G=(V,E) and a positive
integer k.
Question:  Is there a dominating set in G of size k?

The Dominating Set problem is a well known NP-
complete problem [4]. In addition, it is known that
Dominating Set is not k-approximable for any constant
k (unless P=NP), see [7]. Our proof of the
inapproximability of BPP, given in Theorem 2, makes
use of this fact.

We state Lemma 1 first; a proof is provided after
Theorem 2.

Lemma 1. Given an arbitrary graph G, a graph G’ can

be created from G that has the following properties:

(a) If there is a dominating set of size k in G, then
there is a biclique partition of size 2k in G’.

(b) If there is a biclique partition of size k in G’, then
there is a dominating set of size k in G.

We now show that:

Theorem 2. There is no polynomial time &-
approximation algorithm for BPP for any constant £,
unless P=NP.

Proof: For a contradiction, assume that there is a
polynomial time constant factor approximation
algorithm for BPP. We show, as a result, that a
polynomial time constant factor approximation
algorithm for Dominating Set must also exist. Since it
is known that such an algorithm does not exist unless
P=NP, this is a contradiction.

Let G=(V,E) be a graph with a dominating set of
size k. By Lemma 1, there is a graph G’ that has a
biclique partition of size at most 2k. If a polynomial
time a-approximation algorithm existed for BPP, for
some constant o, we would obtain, by Lemma 1(a), a
biclique cover of size at most 2a k for G’. By Lemma
1(b), we would then obtain a dominating set for G of
size 2aLk.

Since a is a constant, this yields a polynomial time
2a-approximation algorithm for Dominating Set. This
is known to be impossible. 0

We now prove Lemma 1.

Proof of Lemma 1: Let G=(V,E) be an arbitrary
graph and D={v,, v, ..., v} be a dominating set for G.
We construct a bipartite graph G’ = (V,V',E’) from G
as follows.

Create a set of vertices, V', that duplicate the
vertices in V. That is, V' = {v’| veV}. For any veV, we
call v’e V"’ the sibling of v, and vice versa. We can use
the function SIB( ) to determine the sibling of a vertex
inG’.

Let E={ {x,y’}, {x’, ¥} | for all {x,y}€E }. That
is, for every edge {x,y}€E, we add two edges to G".
Note that G’ is a bipartite graph, since all edges
connect a vertex in ¥ with some vertex in V.

Let D" = { v, v’| veD}. That is, D" = D U SIB(D).

For each veD, let N(v) be a set of neighbors of v in
G, not including v. Note that the sets N(v) can be
adjusted so that (a) V is partitioned by the sets
N)u{v} for all ve D, and (b) [N(v)| 2 1 for all veD.

For each ve D", we define N'(v) as follows:

* N'(v)=SIB(N®W)),ifveV

* N’(v)=N(SB(»)),ifvel”’

Clearly, D" is a dominating set for G.

We now prove (a): If there is a dominating set of
size k in G, then there is a biclique partition of size 2k
inG’.

Consider the sets {v}\UN’(v) for all veD". We show
that these sets form a biclique partition of G’ of size 2k.

By the construction of G’, v is connected to every
vertex in N’(v), for all ve VUV’ Therefore, the sets
{v}UN’(v) form bicliques. Furthermore, the sets N’(v)
for ve )V’ are disjoint since the sets N(x) are disjoint for
xeV. And finally, every vertex in G’ will appear in one
of these sets, since D" is a dominating set for G".

Since |D| = 2k, the collection of sets {v}\UN’(v) for
all ve D" form a biclique partition of G’ of size 2k.

We now prove (b): if there is a biclique partition
of size k in G’, then there is a dominating set of size k£
in G.

Let W, W, ..., W, be a partition of the vertex set
VUV’ of G’ such that each set ; induces a biclique in
G’. From this partition we create a set D by choosing
an element x; € VN W; for each W; and placing it in D.
It is clear that |D| = k. We show that D dominates G.

Let y be any vertex in G that is not in D. As W;, W,,
..., Wy is a biclique partition of G’, the vertex SIB(y)
must be in one of these sets, say W.. Let x; be the vertex
put into D from the set W, There must be an edge
connecting x; with SIB(y) in G, as W; is a biclique of
G’. Therefore, by the construction of G’, y is a
neighbor of x; in G. Since all vertices are either in D or
are neighbors of vertices in D, D is a dominating set. [



3. An O(VE) algorithm for BPP(2)

We now give an iterative polynomial time
algorithm that determines if a bipartite graph has a
biclique partition of size 2. The input to algorithm
TWO-PARTITION is a bipartite graph G=(X,Y,E). The
algorithm answers “yes” if and only if G has a biclique
partition of size 2. If the answer is “yes”, a biclique
partition is defined by the sets 4 and B. The algorithm
iterates by processing the vertices in Y and the vertices
in X in an alternating fashion until no more vertices can
be added to the sets 4 and B.

TWO-PARTITION(G)
B—J
Let s be an arbitrary vertex in X that is adjacent
to some but not all of the vertices in Y
A—{s}
repeat
for all vertices ye Y such that y¢B
if there exists a vertex a in 4 that is not
adjacent to y
then B— Bu{y}
for all vertices xe X such that xg 4
if there exists a vertex b in B that is not
adjacent to x
then 4— Au{x}
until no more vertices can be added to either 4
or B

if A=X or B=Y
then return “no”
else
A— AU(Y\B)
B— BU(X\4)
return “yes”

Theorem 4. Algorithm TWO-PARTITION returns “yes”
if and only if the bipartite graph G has a biclique
partition of size 2. If the answer is “yes”, a biclique
partition is defined by the sets 4 and B.

Proof: To see that TWO-PARTITION is correct, first
consider the initial iteration. The vertex s is put into
the set 4 and the set of all vertices not adjacent to s are
put into B. Clearly, the vertices in set B cannot be in
the same biclique as s. Now we consider the sets 4 and
B iteratively created in the loop.

At the start of an arbitrary iteration of the loop, the
set B < Y consists of vertices in Y, each of which is not
adjacent to at least one vertex in 4. However, there
may be other vertices in Y\B that are not adjacent to
every vertex in A, as the set 4 has changed from the
previous iteration. The current iteration adds to B all

vertices in Y\B that are not adjacent to at least one
vertex in 4, i.e. the vertices in Y\B which cannot be part
of a biclique that includes the set 4. Thus, when the
loop terminates, the set Y\B consists of all vertices in ¥
that are adjacent to every vertex in A. That is, the set
AU(Y\B) induces a biclique.

A symmetric argument applies to the set AcX.
Hence, the set BU(X\A4) also induces a biclique.

Finally, note that the sets AA(Y\B) and BU(X\4) are
indeed a biclique partition since

[AU(N\B)] U[BU(X\A)=[AU(X )] U[BU(N\B)]

=XVY.

Now let |V]=|X]+|Y] be the total number of vertices
in G. Observe that each iteration of the loop adds at
least one vertex to A or B, so the maximum number of
iterations is |V]. During each iteration, at most |E| edges
need to be considered. Hence, the running time of
TWO-PARTITION is O(VE). O

4. A 2-approximation algorithm for BPP(K)

As shown in [6], BPP is NP-complete. In Section 2
we have further shown that BPP does not have a
polynomial  time  algorithm  with  constant
approximation ratio unless P=NP. The question of
whether or not BPP(k) is NP-complete for £ > 3 is
open. Recall Ge BPP(k) means that G has a biclique
partition of size k, or less.

We now present a polynomial time procedure,
LABEL(k), which either produces a biclique partition or
size 2k-2 or less, or “No” if a biclique partition of size
k does not exist.

By repeated application of procedure LABEL, the
following polynomial time 2-approximation algorithm
APPROX_BPP(k) for BPP(k) can be derived:

APPROX_BPP(k)
Input: a bipartite graph G=(X,Y,E)
Output:
(a) “No”, a partition of size k does not exist, or
(b) a biclique partition of size p, where p is no
more than twice the size of the minimum
size biclique partition.

APPROX_BPP(k)
if GeBPP(1)
then stop with a single biclique partition
if GeBPP(2)
then stop with a 2-biclique partition
i=3
do
execute LABEL(Y)
i=i+1



until i > k or output is “Yes” or “Inconclusive”
if output is “Yes” or “Inconclusive”

then stop with a p-biclique partition, p < 2k-2
else if i > k then stop with “No”

We now describe LABEL(k). Note that in Section 3,
instead of using the sets 4 and B, we could have used
two colors to denote the sets. We find it convenient to
mark the set of vertices for each biclique with k colors
¢y, €3, ..., ¢ using one color for each biclique. Thus
vertices in the biclique C; will be colored c;.

Given the bipartite graph G=(X Y,E), LABEL(k)
arbitrarily chooses k vertex-disjoint edges and colors
the two endpoints of each edge with appropriate colors.
Such a choice, which we call a “guess”, constitutes an
initial non-covering biclique of size k. Furthermore, all
uncolored vertices receive a label ¢; v ¢, v ... v ¢ to
indicate that, at this stage of the procedure, all k£ colors
are still available for those vertices.

Given a guess, we note that a vertex label at any
step of the procedure LABEL(k) can be either:

1. ¢;, meaning that this vertex must be part of the
biclique C;, or
2. ¢ v, v..ve, where 2<] <k, meaning that

colors ¢; ,¢; ,...,c; have not yet been excluded for

that vertex, or
3. O, meaning that there is no color available for this

vertex so this guess cannot yield a & partition.

In Case 1, we call the vertex assigned, in Case 2
we call it undetermined and in Case 3 we call it empty.

LABEL(k) iteratively whittles down the possible
colors for each undetermined vertex by determining
which bicliques it cannot be part of. Each iteration
updates the labels of all undetermined vertices in set X,
and then updates the labels of all undetermined vertices
in set Y.

We now describe how labels are updated for the
vertices in X. (For the vertices in Y the procedure is
symmetric.) A vertex with a given color in its label
must be adjacent to every vertex of that color on the
other side. More precisely, for each assigned vertex
veY we do the following: If v is assigned c; then delete
¢; from the label of any vertex in X that is not adjacent
to v. If some label now contains a single color ¢; then
the label is changed to assigned c;. If all colors are
deleted for a vertex then its label is changed to &. An
iteration stops either when an empty vertex is found, or
no new vertex is marked assigned.

Procedure LABEL(k) processes all guesses and
halts with the following:

1. “No”, if for all guesses the iteration stops with an
empty node.

2. “Yes”, if there exists a guess which has all vertices
labeled assigned.

3. “Inconclusive”, if there is a guess for which
LABEL(k) stops with assigned and undetermined
nodes, and there is no guess that stops with all
vertices labeled assigned.

We show the following:

Lemma 4. If GeBPP(k), then there exists a guess
such that procedure LABEL(k) outputs either “Yes” or
“Inconclusive”.

Proof:  Suppose C;, C, ..., C; form a biclique
partition of XUY of size k. So every vertex xeX (xeY¥)
is adjacent to every vertex in some C; NY (respectively
to some C;NY).

So let us choose for the sake of LABEL(k) an edge
e;eC; for all i = 1...k.. Since C;, C,, ..., C; form a
partition of the vertices, e, e, ... ¢ have no common
vertices. We show by induction on i that LABEL(k),
starting with D={e,}, D,={e,}, ..., D;={e}, produces
after the i™ iteration bicliques Dy, D, ... D, (containing
only assigned nodes) such that D; c C;, for all i.

Basis step: (i=0) is obviously true.

Inductive step: Assume D; ¢ C; for all i. Without loss
of generality, assume that in the next iteration a vertex
x from Y is assigned color c¢;, thus x is added to D;. It
follows that x is adjacent to every vertex in D; N X and
x is not adjacent to some vertex in D; N X, for all i > 1.
By the inductive hypothesis D;  C;, so it follows that x
is not adjacent to some vertex inC;, for all i > 1. Thus
x isnot in any set C;, forall i > 1. As {C;| 1<i <k} isa
partition of XUY, it follows that x must be in the set C;.
SOD1 o {X} gCl .

Assume that LABEL(k) outputs “No” after some
iteration. This means that, without loss of generality,
there exists a vertex x in X such that x is not adjacent to
every vertex in each D; n Y. So x is not adjacent to
very vertex in each C; " Y, for all i. Thus x is not part
of any C;. This contradicts the assumption that
{C;| 1= i £k} form a biclique partition of G. 0

Corollary 5. If LABEL(k) stops with a vertex labeled
& for all guesses, then Gg BPP(k).

Proof: This is the contrapositive of Lemma 4. O

We now show that if there is at least one guess
where LABEL(k) finishes with only assigned or
undetermined nodes, then we can construct a biclique
partition of size 2k-2.

We give an example for case £=3. In the example,
the guessed edges are colored blue (c;=b), green



(c;=g), and red (c3=r), respectively. The vertices are

labeled accordingly (see Figure 1(a)).
We know that a 4-biclique partition is possible

(see Figure 1(b)):

- the undetermined vertices in X with color blue in
their labels are assigned blue

- the undetermined vertices in X with color green in
their labels are assigned green

- the undetermined vertices in X with color red in
their labels are assigned red

- the vertices assigned blue in Y and the
undetermined vertices in X with color blue in their
labels are assigned violet (a new, fourth color).

@) (b)

Figure 1. Example of a 4-biclique partition
obtained from the “Inconclusive” state of LABEL(3)

We now show how to construct a biclique partition
of size 2k-2 for general k, if LABEL(k) outputs
“Inconclusive”. To this end, consider the following
sets: Let A; be the set of assigned vertices in X with
label c¢;, and let B; be the set of assigned vertices in Y
with label ¢;. Furthermore, define:

A, = the set of undetermined vertices in X with labels
containing ¢; and other colors

A, = the set of undetermined vertices in X with labels
containing ¢, and other colors except ¢,

A;= the set of undetermined vertices in X with labels
containing ¢; and other colors except {ci, ¢; ... ¢}

A, _,= the set of undetermined vertices in X with labels
containing ¢, and c¢.

Similarly, define for the vertices in Y the sets B;,
foralli=1... k.

We define the following biclique partition (see
Figure 2) where sets that are part of the same biclique
are connected through an edge:

A, UB,, 4 UB,,

A2 VB Ay U By,
(A W A )) VB, Ay V(B VBy).

Ay B,

Ay B,

Ak B k

1 §1

2
Ak—2 Bk—2
A By

Figure 2. A biclique partition of size 2k-2

We note that there are cases when LABEL(k)
outputs “Inconclusive” and a biclique partition of size
smaller than 24-2 can be found. For example, if all
vertices on one side of the bipartite graph are labeled
assigned and all other vertices are either assigned or
undetermined then the guess provides a biclique
partition of size k as follows: each undetermined vertex
is assigned to the first color of its label.

Consider an example for /=3 (see Figure 3(a)). Let
¢; be blue, ¢, be green, and c; be red (abbreviated by b,
g, and r, respectively). Assigned vertices are labeled
appropriately. Edges connecting assigned vertices are
also colored appropriately. The undetermined vertices
are assigned following the rule mentioned above (see
Figure 3(b)).

Also, if some of the combination of colors is
missing, it is also possible to use less than 2k-2 colors
for biclique partitioning.

For example, for the case /=3, if there are no
undetermined vertices whose label is either c¢;ve,,
c1ves, cves on one side of the graph, then three colors



b bvg b b
4 bvr g N b
g - g g < g
v o
r < gvr r < g
S, ~
N or N or
(a) (b)

Figure 3. A 3-biclique partition for k=3

are enough (see for example, Figure 4, where there are
no vertices that are labeled c¢;vc, on the left side). Let
A be the set of all vertices assigned c;, B the set of all
vertices assigned ¢,, C the set of all vertices assigned
c3, AvB be the set of all undetermined vertices with
label ¢;ve,, AvC be the set of all undetermined vertices
with label ¢;ves, BvC be the set of all undetermined
with label c¢,ve;, and AvBvC the set of all
undetermined with label ¢ vcyves.

The union of all of A’s vertices in X and all
vertices in Y with a label that contains c¢; (i.e set A4,
AvB, AvC, AvBvC() is a biclique.

The union of all of B’s vertices in X and all the
vertices in Y that are uncovered and have a label that
contains ¢, (i.e. set B, Bv() is another biclique.

The union of all of C’s vertices in Y and all the
vertices in X that have a label that contains ¢ (i.e. set
C, AvC, BvC, AvBvC) is another biclique. These three
bicliques form a biclique partition.

Theorem 6. For each fixed £ > 3, APPROX_BPP(k) is a
polynomial time 2-approximation algorithm for
BPP(k).

Proof: The output of the algorithm APPROX BPP(k) is
either “No” or a partition of size p < 2k-2 that is no
more than twice the minimum size biclique partition.
From Lemma 4 it follows that if Ge BPP(k), the output
is a biclique partition of size p and p is at most twice
the minimum size partition. From Corollary 5 it
follows that if the output is “No”, then G¢ BPP(k).

An estimate of the run time of LABEL(k) is

E E
O([kj VEJ because there are O[kJmany guesses,

the number of iterations for a given guess is O(V), and
the run time of an iteration is O(E).

AvBvC

Figure 4. A 3-biclique partition for k=3 when some
labels are missing

An estimate of the run time of APPROX_BPP(k) is:

Run time (GeBPP(1)) + Run time (GeBPP(2))

k
+ Z Run time (LABEL(i))
i=3
k(E
:O(E)+O(VE)+Z(' ] VE:O(Ek+1V) O
=3 !

5. An exact O(V) algorithm for trees

We have seen that finding an optimum biclique
partition is hard for arbitrary Dbipartite graphs.
However, for certain classes of bipartite graphs, an
optimum biclique partition can be found efficiently.

One such class is trees. Let us examine the biclique
structure of an arbitrary tree 7 to introduce our
algorithm. Let u be an interior node of 7. Let B, be the
subtree consisting of u# and some of the vertices
adjacent to u. We call B, a starburst centered at u.
Note that B, is a biclique, and, in fact, every biclique in
T must be a starburst.

Now suppose that u has at least one neighbor v that
is a leaf. Then an optimum biclique partition for 7 must
include a starburst B, which contains both u and v,
because otherwise v would be isolated. Clearly all
leaves adjacent to u must be included in the starburst
B,, but should non-leaf neighbors of u be included as
well? The answer is yes, as long as no node is isolated
in the process. We prove this in Lemma 7 below, but
first, we describe a procedure TREE-PARTITION that
uses this strategy to build an optimum biclique
partition of T.

TREE-PARTITION takes a tree T as input and returns
a collection of sets that induce an optimum biclique



partition of 7. TREE-PARTITION is a recursive
procedure that discovers the structure of 7 and assigns
nodes to starbursts in a depth-first fashion. The sets B,
created by TREE-PARTITION represent the starbursts.

Initially no node is assigned to a biclique and an
arbitrary node is chosen for the root. The procedure
traverses the tree recursively, and when a leaf is found,
it and all of its leaf siblings are added to the same
biclique as their common parent. All non-leaf siblings
that have not already been assigned to a biclique are
also added to the parent’s biclique. This greedy
strategy ensures that every node is included in a
biclique. Lemma 7 guarantees that bicliques created in
this manner are in an optimum biclique partition.

When the recursion terminates, the root node may
already be in a biclique. This happens when the root
either has at least one leaf, or the root has a child that is
the center of a starburst. If neither case holds, then the
root must have at least one child, say v, that is in a
biclique, say B,, (i.e., v is not the center of its biclique.)
A final biclique is created that includes the root and its
child v.

TREE-PARTITION(7)
for each ueV
do B,«—
Let  be an arbitrary vertex in V'
VISIT(r)
if » has not been assigned to a biclique
then let v be a child of » such that v&B,,
and let B, be the set that contains v
do
B, «— B\{v}
B, — {ryv}

VISIT(u)
for each child v of u that is not a leaf
VISIT(v)
if there exists a child v of u such that has not
been assigned to a biclique
then do
B, « {u}
for each child v of u that has not been
assigned to a biclique
do B, < B, U{v}
else if there exists a child v of u such that veB,
then B, — B, U{u}

Observe that TREE-PARTITION is a modification of
the well-known depth-first search algorithm for graphs.
Let |V] and |E| be the number of vertices and edges,
respectively, in 7. In the running of TREE-PARTITION
each non-leaf vertex is visited exactly once. When each
vertex is visited, its neighbors must be examined, and

overall, at most |E| neighbors will be examined during
the execution of TREE-PARTITION. So, as for depth-first
search, the running time for TREE-PARTITION is
O(V+E). Using the fact that |E| =|V]-1 for trees, the
running time for TREE-PARTITION simplifies to O(V).

We now return to the question of whether a non-
leaf neighbor of a node u should be included in the
starburst B,. Observe that when a vertex is added to a
starburst, it can be conceptually deleted from the tree.
So consider the tree 7 at the instant when TREE-
PARTITION decides whether or not vertex x should be
added to a starburst. If x is added to a biclique, the tree
T\{x} results. If, on the other hand, x is not added, the
tree T is unchanged. Lemma 7 shows that is not a bad
strategy to add x to B,, because a biclique partition for
the tree 71{x} is never larger than an optimum biclique
partition for 7.

Lemma 7. Let T be a rooted tree and let x be a leaf.
Then a biclique partition for the tree 7\{x} is never
larger than an optimum biclique partition for 7.

Proof: Let P={B;} be an optimum biclique partition for
T. Let xeB; and let y be the parent of x. Assume that y
has a parent, because otherwise the proof follows
immediately. Let z be the parent of y. There are three
cases to consider.
Case 1. B; contains at least three vertices.
Since x is not the center of B, it can be removed
without isolating vertices. So let B;’=BA{x}. Then
(P\{B;})UB,’ is a biclique partition of 7\{x} with the
same number of bicliques as P.
Case 2. B; contains at exactly two vertices, x and y, and
y’s parent z is the center of some starburst By.
Let B,=Byu{y}. Then (P\{B;,B;})UB;’ is a biclique
partition of 7\{x} with one less biclique than P. This
case is illustrated in Figure 5.

Figure 5. Case 2.

Case 3. B; contains at exactly two vertices, x and y, and
y’s parent z is in some starburst By, but is not the
center.



Case 3a. By has only two vertices, say z and w.
Let By={wy,z}. Then (P\{B,Bi})UB," is a
biclique partition of T\{x} with one less biclique
than P.

Case 3b. B, contains at least three vertices.
Let  By/=B)\{z} and B ={yz}. Then
(P\{B;,Bi})v1{B;’,B,’} is a biclique partition of
T\{x} with the same number of bicliques as P.This
case is illustrated in Figure 6. O

Figure 6. Case 3b.

Theorem 8. An optimum biclique partition for a tree
can be found in O(V) time.

6. Conclusions

We have shown that, for any positive integer o,
there is no polynomial time a-approximation algorithm
for BPP unless P=NP. In contrast, for each positive
integer k>3, BPP(k) has a polynomial time 2-
approximation algorithm and BPP(2) can be solved in
O(VE) time. It is an interesting open problem whether
or not BPP(k) is in P, for all £ > 3, or whether BPP(3),
for example, is NP-complete. We have given an
optimum BPP algorithm for trees, and have obtained
upper bounds on the number of bicliques needed for
meshes, tori, and hypercubes. (The bounds for these
special families are not given in this paper.)
Polynomial time exact algorithms for these and other
special graph families are not yet known.

Our algorithm for BPP(k), together with a heuristic
given previously in [6], in our opinion provides
practical tools for clustering of data. We expect that the
running time and performance of these algorithms can
be improved. This remains a topic of current research.
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