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Abstract. The randomized k-paging algorithm Equitable given by
Achlioptas et al. is Hk-competitive and uses O(k2 log k) memory. This
competitive ratio is best possible. The randomized algorithm RMark

given by Fiat et al. is (2Hk − 1)-competitive, but only uses O(k) mem-
ory. Borodin and El Yaniv [6] list as an open question whether there exists
an Hk-competitive randomized algorithm which requires O(k) memory
for k-paging. In this paper we answer this question in the affirmative by
giving a modification of Equitable.
Keywords: Design of Algorithms; Online Algorithms; Paging; Random-
ization.

1 Introduction

In the k-paging problem we consider a two-level memory system, consisting
of fast memory, also referred as the cache, which can hold k memory units
commonly called pages, and an area of slow memory capable of holding a much
larger number of pages. If a page is needed in fast memory this is called a page

request. Such a request causes a hit if the page is already in the cache at the time
of the request. In the case of a miss (i.e. when the page is not in the cache) the
requested page must be brought into the cache while a page in the cache must be
evicted to make room for the new page. We assume that the total cost of copying
a new page and ejecting a page is one, and all other costs are zero. Thus, given a
sequence of requests, ̺, the cost of an algorithm A on ̺ will be denoted costA(̺)
and is simply the number of misses algorithm A incurs on ̺. An online paging
algorithm must make decisions about such evictions as the request sequence of
pages is presented to the algorithm. Online algorithms are analyzed in terms of
competitiveness , a measure of the performance that compares the decision made
online with the optimal offline solution for the same problem, where the lowest
possible competitiveness is best. We say that a randomized online algorithm A
for the k-paging problem is C-competitive if there is a constant K such that,
given any request sequence ̺, costA(̺) ≤ C · costopt(̺) + K, where costopt(̺)
is the optimal cost for sequence ̺ and costA(̺) is the (expected) cost of the
randomized algorithm.
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For paging the optimal cost can be computed using Belady’s algorithm [5],
which replaces the page whose next request is latest. We also refer to this algo-
rithm as OPT. A closely related concept is that of a work function which, when
given a configuration, returns the minimum cost of serving the request sequence
and ending in this configuration. In the case of paging a configuration is simply
the set of k pages which are in the cache. Koutsoupias and Papadimitriou [8, 9]
give a complete characterization of the work function for paging.

We note that the competitive ratio is one aspect of an online algorithm, the
memory requirement is another. It is typical to measure the memory require-
ment of an algorithm by the maximum number of pages remembered by the
algorithm: any paging algorithm knows which k pages are currently in the cache
and beyond that, an algorithm might store information about pages which are
not currently in the cache. Those pages are called bookmarks. Thus the total
memory requirement of a paging algorithm is k plus the number of bookmarks.
We mention that if an online algorithm for the problem permits no bookmarks,
it is called trackless , see [3].

It is well known that the deterministic competitiveness of the k-paging prob-
lem is k, which can be achieved by the trackless algorithm LRU [11]. The ran-

domized competitiveness of the k-paging problem is known to be Hk =
∑k

i=1 1/i.
The lower bound result is due to [7]. The same paper also gives a (2Hk − 1)-
competitive algorithm called RMark which uses only O(k) memory; this algo-
rithm is also trackless. An algorithm with best possible competitive ratio of Hk

was first described in [10]; however their algorithm, Partition, is unbounded in
its memory requirement. Later, [1] constructed another algorithm, Equitable,
with best possible ratio Hk and a bounded memory requirement of O(k2 log k)
pages. The technique of decreasing memory used in [1] is called forgiveness . Un-
der certain conditions, the algorithm simply assumes that OPT’s cache is in a
given configuration, despite the fact that it may not be. Informally speaking,
the trick is that by this time the algorithm has enough “savings” to cover the
cost of this “mistake.” On the other hand Bein and Larmore [3] have shown
that it is not possible for a trackless algorithm to achieve Hk-competitiveness if
k = 2. Borodin and El-Yaniv list in [6] the open question whether there exists
an Hk-competitive randomized algorithm which requires only O(k) memory.

In this paper we answer this question in the affirmative. In the next section
we review Equitable as needed for our paper. In section 3 we improve this
technique so that the algorithm (still a version of Equitable) makes a forgive-
ness step sooner, and is never required to remember more than 3k pages. The
basic idea is to not just forgive to one configuration but to use a rather more
elaborate scheme.

2 Equitable

We assume that the reader is familiar with the definitions and notation of [1]
although some definitions and results of that paper will be stated here for clar-
ity and self-containedness. We remind the reader that many randomized online



algorithms are given in a so-called distributional form, as is the algorithm Equi-

table of [1]. For randomized online algorithms against an oblivious adversary,
the distribution model is equivalent to the more standard behavioral model (see
e.g. [6]). For the k-cache problem, a distributional algorithm is essentially a state
transition diagram, where each state is a probabilistic distribution of configu-
rations. More precisely, a configuration is an unordered k-tuple of pages, which
represents a possible cache configuration, and we denote by Sk be the set of
all possible cache configurations. A transition from one state to the next is a
deterministic transition to a new distribution. The cost of a move can be defined
by the transport distance between the distributions.

In analyzing the competitiveness of online algorithms it is often useful to
know the optimal solution for each request sequence. To this end, the work

function, ω̺ : Sk → N, associated with a sequence of requests ̺ is defined as
follows: ω̺(S) is the minimum cost of servicing ̺ while ending in S. Note that if
the last request r does not belong to S one can define ω̺(S) = 1+minS∈Sk ω̺(S+
r−x). Note also that the optimal cost of servicing request sequence ̺ is min(ω̺).
The superscript ̺ is usually dropped if it is clear from the context.

Given work function ω and request r, one can obtain the work function after
service of request r – denoted as (ω∧r) – in the following way: (ω∧r)(S) =
1 + minS∈Sk ωt(S + r − x) if r /∈ S and simply (ω∧r)(S) = ω(S) if r ∈ S.

Let T be a set of configurations. We say that a work function is coned-up from
T , if for every configuration S there is a T ∈ T such that ω(S) = ω(T )+ ||S, T ||,
where the last term denotes the cost of changing the cache S to the cache T ,
namely the number of pages in S which are not in T . If T is a singleton, we call
ω a cone.

In this paper (as in [1]) it is convenient to normalize work functions in the fol-
lowing way: If minS∈Sk {ω(S)} = offset > 0 we lower the function by subtracting
the constant offset and then storing that value; such functions are called offset

functions. A notation system for offset functions was introduced by Koutsoupias
and Papadimitriou [8, 9]; we briefly summarize that concept here. To define any
offset function, suppose ∅ = S0 ⊂ S1 ⊂ S2 ⊂ · · · ⊂ Sk are sets of pages, and let
mi = |Si|. An offset function ω is then defined as follows:

1. We say that S ∈ Sk is in the support of ω, which we call supp(ω), if and
only if |S ∩ Si| ≥ i for all 1 ≤ i ≤ k. We have ω(S) = 0 for all S ∈ supp(ω).

2. For any T ∈ Sk, ω(T ) = minS∈supp(ω) ||S, T ||.

For convenience we also define Li = Si − Si−1, called layers. We write either
S1|S2| . . . |Sk| or equivalently L1|L2| . . . |Lk| to represent an offset function. If
the initial set of pages in the cache is {s1, s2, . . . , sk} then Si = {s1, s2, . . . , si}.
Given an offset function S1|S2| . . . |Sk| the offset function resulting from a re-
quest to a page r is
{r}|S2 + r|S3 + r| . . . |Sk + r| if r /∈ Sk,
{r}|S1 + r|S2 + r| . . . |Si−1 + r|Si+1|Si+2| . . . |Sk| if r ∈ Si and i < k,
{r}|S1 + r|S2 + r| . . . |Sk−1 + r| if r ∈ Sk,

where the offset is increased by one in the first case. We will call requests of



the first type new requests and requests of the second type lazy. We refer to Sk

as the set of active pages . Thus, any algorithm which is based upon the offset
function must use at least mk − k bookmarks, and we say that the algorithm
has to “keep track of” these pages.

The concept of forgiveness is defined as replacing the current work function
ω with another function ω′ where ω(S) ≥ ω′(S) for all S ∈ Sk. Note that if
the algorithm makes a forgiveness step, the resulting function is no longer an
accurate calculation of optimal cost but instead an underestimate. By a slight
abuse of terminology we also refer to this estimate as an offset function.

As mentioned above, the algorithm Equitable is defined using the distribu-
tional model. It is a stable distribution algorithm, i.e., its distribution depends
only on the offset function and not on any other information that could be com-
puted from the sequence of requests thus far. If ω is the current offset function,
the distribution πω will be by the procedure below. (We will omit the superscript
ω from functions when the current offset function is clear from context.)

1. For any S /∈ supp(ω), π(S) = 0.
2. For any S ∈ supp(ω), π(S) > 0. The following random process selects a

member of supp(ω):
– Initialize S to be the empty set.
– Let T = Sk.
– Execute the following loop until |S| = k:

(a) Select x ∈ T uniformly at random.
(b) Delete x from T .
(c) If S + x is a subset of any member of supp(ω) let S = S + x.

– For any S ∈ supp(ω), define π(S) to be the probability that S is selected
in the previous procedure.

For an offset function ω and page x, define pω
x as the probability that the

page x is in the set S selected in the previous procedure. Equivalently let px =
∑

{S∈Sk|x∈S} π(S) which is the probability that x is in the cache. Note that if

px > 0 then x ∈ Sk. Proofs of the following observations can be found in [1].

Observation 1 If x ∈ Li and y ∈ Lj, where i ≤ j, then px ≥ py. If i = j then

px = py.

Observation 2 For any offset function, all sequences of lazy requests ending

when |Sk| = k have the same cost for Equitable.

We define the function Φ as the cost Equitable incurs on a sequence of lazy
requests ending when |Sk| = k.

3 Forgiveness Revisited

For any given offset function the algorithm Equitable2 will maintain the same
distribution as Equitable. The difference between the algorithms is the for-
giveness step. If |Sk| = 3k and r /∈ Sk is requested then Equitable2 moves



to offset function {r}|L1|L2| . . . |Lk−1| and charges OPT zero. One way to view
this step is that the requested page is moved into Lk prior to being requested.
The motivation for this choice is that when the set of active pages is large, a
request in Lk and a request outside Sk have nearly the same cost to Equitable

(if |Sk| = 3k then a page in Lk will have cost between 2/3 and 1). If we can
show that the small additional cost to the online algorithm can be covered, why
not move the requested page into Lk, have it requested, and thereby reduce the
size of the set of active pages?

Most of the notation of [1] is used, but the definition of Ψ is different. Recall
that mi = |Si| and define Ψ = Ψ(ω) as follows:

Ψ =

k
∑

i=2

(mi

i
+ Hi−1 − Hmi−1 − 1

)

.

Similar to [1] we wish to show that for every request

cost + ∆Φ + ∆Ψ ≤ Hk · costopt

where cost denotes the expected cost to the algorithm at that step and costopt

is the optimal cost at that step.

In the discussion below, unprimed variables denote the values before a given
request. Primed variables are the values after that request. Recall that mi ≥ i.

Lemma 1. On a lazy request r ∈ Lj, cost + ∆Φ + ∆Ψ ≤ Hk · costopt.

Proof. Since Φ is the cost for Equitable to serve a lazy sequence of requests
ending in a cone, on a lazy request cost+∆Φ = 0. For a lazy request costopt = 0
by definition. So it suffices to show that ∆Ψ < 0. We have

∆Ψ =

k
∑

i=2

(

m′
i

i
− Hm′

i
−1 −

mi

i
+ Hmi−1

)

=

j
∑

i=2

(

mi−1 + 1 − mi

i
− Hmi−1

+ Hmi−1

)

=

j
∑

i=2





mi−1 + 1 − mi

i
+

mi−1
∑

ℓ=mi−1+1

1

ℓ





≤

j
∑

i=2





mi−1 + 1 − mi

i
+

mi−1
∑

ℓ=mi−1+1

1

i





= 0.

Lemma 2. On a request r /∈ Sk, if forgiveness does not occur, then ∆Φ ≤
∑k

i=2
1

mi

.



Proof. If k = 1 then Φ = Φ′ = 0 which shows that the lemma is true for k = 1.
Assume k > 1 and that the lemma is true for k − 1.

For every page s 6= r, ps ≥ p′s. Since pr = 0 and p′r = 1,
∑

s∈Sk
ps − p′s = 1,

there must be an item x ∈ Sk for which px − p′x ≤ 1/mk. Without loss of
generality, x /∈ S1 because every item y ∈ S2 will have py − p′y ≤ px − p′x. Let
this page x ∈ Sj be the first item in the lazy request sequence which defines Φ
and Φ′. Define the following offset functions:

ω = S1|S2| . . . |Sk|

ω′ = r|S2 + r| . . . |Sk + r|

ω ∧ x = x|S1 + x|S2 + x| . . . |Sj−1 + x|Sj+1| . . . |Sk|

ω′ ∧ x = x|xr|S2 + r + x| . . . |Sj−1 + r + x|Sj+1 + r| . . . |Sk + r|

ωdropx = S1|S2| . . . |Sj−1|Sj+1| . . . |Sk|

ω′
dropx = r|S2 + r| . . . |Sj−1 + r|Sj+1 + r| . . . |Sk + r|.

Now we notice that

∆Φ ≤
1

mk

+ Φ(ω′ ∧ x) − Φ(ω ∧ x)

=
1

mk

+ Φ(ω′
dropx) − Φ(ωdropx)

≤
1

mk

+

k−1
∑

i=2

1

mi

=

k
∑

i=2

1

mi

where the third line follows from the inductive hypothesis.

Lemma 3. On a request r /∈ Sk, if forgiveness does not occur, then

cost + ∆Φ + ∆Ψ ≤ Hk · costopt.

Proof. Since r /∈ Sk, m′
i = m′

i + 1. Given lemma 2, it follows that

cost + ∆Φ + ∆Ψ ≤ 1 +
k

∑

i=2

1

mi

+
k

∑

i=2

(

m′
i

i
− Hm′

i
−1 −

mi

i
+ Hmi−1

)

= 1 +
k

∑

i=2

1

mi

+
k

∑

i=2

(

mi + 1

i
− Hmi

−
mi

i
+ Hmi−1

)

=

k
∑

i=1

1

i

= Hk · costopt.



Lemma 4. On a request outside Sk when forgiveness occurs.

cost + ∆Φ + ∆Ψ ≤ 0.

Proof. A forgiveness step occurs when Sk = 3k and a page r /∈ Sk is requested.
The forgiveness step can be seen as placing r in Lk and then requesting r. We can
easily compute ∆Ψ during a forgiveness step. However, it is easier to compute
cost + ∆Φ when r is added to Lk and on the request separately.

When r is placed into Lk the distribution must be adjusted and the lazy
potential changes. The transportation cost necessary to adjust the distribution
is p′r. Since the cost on all lazy sequences is the same, we can compute the change
in potential by considering the sequence which begins with a page x ∈ Lk. From
Observation 1 cost + ∆Φ = px − p′x + p′r = px ≤ k/mk.

When r is requested cost + ∆Φ = 0 because Φ is the lazy potential. So it
suffices to show that k/mk + ∆Ψ is no more than 0. We have

cost + ∆Φ + ∆Ψ ≤
k

mk

+

k
∑

i=2

(

m′
i

i
− Hm′

i
−1 −

mi

i
+ Hmi−1

)

=
1

3
+

k
∑

i=2

(

mi−1 + 1 − mi

i
− Hmi−1

+ Hmi−1

)

≤
1

3
+

(

k − mk

k
− Hk−1 + Hmk−1

)

≤ −
5

3
+ H3k−1 − Hk−1

≤ 0.

The second inequality above holds because the ∆Ψ is decreasing in mℓ for all
ℓ < k. So the worst case occurs when mℓ = ℓ.

Theorem 1. Equitable2 is an Hk-competitive, O(k) memory, randomized al-

gorithm for the k-paging problem.

Proof. Since we perform a forgiveness step when the set of active pages has size
3k and a new page is requested, the set of pages we keep track of is never greater
than 3k. Lemmas 1, 3, and 4 show that cost + ∆Φ + ∆Ψ ≤ Hk · costopt on every
request type. Noting that Φ + Ψ is initially 0 and never negative, summing over
every request shows that Equitable(̺) ≤ Hk·OPT(̺) for any request sequence
̺.

4 Conclusion

We have given an Hk-competitive randomized online algorithm for the k-paging
problem which keeps track of only 3k pages. For large k, Lemma 4 can be
improved to αk where α ≈ 2.2572 satisfies α2 − α − α log(α) = 1.



Bein et al. [2, 4] show (using a different method than is used here) that for
the 2-paging problem three pages suffice. For k = 3, the technique used in this
paper can be used to calculate that 7 pages suffice. We also note that we have
not proven 3k to be the minimum number of pages needed for any particular k.
In fact, we conjecture that a stronger result holds than the upper bound from
this paper:

Conjecture 1. There exists a randomized online algorithm for paging which is
Hk-competitive and uses o(k) bookmarks (i.e. k + o(k) memory).
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