A Genetic Algorithm for the Two Machine Flow Shop Problem
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Abstract gorithms are a class of adaptive heuristic search techsique
which exploit gathered information to direct the searcb int
In scheduling, the two machine flow shop problem regions of better performance within the search space. In
F2||>" C; is to find a schedule that minimizes the sum of terms of time complexity, compared with other optimiza-
finishing times of an arbitrary number of jobs that need to tion techniques such as integer linear programming, branch
be executed on two machines, such that each job must comand bound, tabu search, they may offer a good approxima-
plete processing on machine 1 before starting on machinetion for the same big> time when the state-space is large.
2. Finding such a schedule i§"P-hard [6]. We propose a  (See also [8, 9, 16].)

heuristic for approximating the solution for th€2|| >~ C; Flow shop problems are a distinct class of shop schedul-
problem using a genetic algorithm. We calibrate the algo- ing problems [4, 5, 10, 13, 14], whergobs ¢ = 1,...,n)
rithm using optimal results obtained by a branch-and-bound have to be performed om machines { = 1,...,m) as

technique. Genetic algorithms simulate the survival of the follows. A job consists ofn operations, thg*" operation
fittest among individuals over consecutive generations for of each job must be processed on machjirend has pro-
solving a problem. Prior work has shown that genetic al- cessing timep;;. A job can start only on machingif its
gorithms generally do not perform well for shop problems operation is completed on machifjge— 1) and if machine
[21]. However, the fact that in the case of two machines the j is free. The completion time of joh C;, is the time when
search space can be restricted to permutations makes théts last operation has completed. This problem is denoted in
construction of effective genetic operators more feasible  the literature inv|5|y-notation (see e.g. [4]) aBm|| >_ C;.
Consider an example of flow shop with three machines
with the following data (Table 1).

1 Introduction

Jobi | pi | pi2 | pis
. ) o , J1 1 2
John Holland [11] at University of Michigan conceived 12
of genetic algorithms in the early 1970 in order to solve op- 73
timization problems, by using random search. Genetic al-
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batical support from UNLV is acknowledged. Figure 1 and Figure 2 show two feasible schedules for the



I [4] shows that there is an optimal solution where both ma-
A ul % chines have the same scheduling order for the jobs. Thus an
o I I optimal schedule may be represented by a job permutation
SRE and a permutation fully describes the solution. Computing
il Y13 the order isVP-hard (Gareyet al. [6]). Still, the fact that
12 3 4 5 68 7 8 9 in the case of two machines the search space is restricted
to permutations makes the construction of effective geneti
operators more feasible.

We note that in contrast, the problem?2||Cy,.x is to find
a schedule, which minimizes th&,,., = max{C;,i =
1,...,n} (the so callednakespap For arbitrary process-
ing times, this problem is the only flow shop problem that
is polynomially solvable. The optimal solution is given by

Figure 1. Flow Shop for 3 Machines, Case(i)

example. Note that in both schedules the order of the jobs
differs across machines. For the case (i), we @&yg. = 9
and) " C; = 18. In case (ii),Crax = 8 andd_ C; = 21.
Note that " C; is better tharCy,.x in case (i) whereas it is

the opposite in case (ii). The example suggests that things’®"Nson’s algorithm (Johnson [12]).
very much depend on the objective function. Contributions.  We first show that the schedule pro-

duced by Johnson’s algorithm, which was designed for
makespan minimization, can be arbitrarily bad for average
Ml % | completion) . C;. We construct a genetic algorithm for the
F2|| > C; problem and we benchmark the algorithm using
various sets of jobs, with the optimal schedules obtained by
i3 | I using a branch-and-bound technique. Implementations are
L L L b e 5 written under a Linux Fedora environment, and run under
GNU g++ compiler in conjunction with GAlib.
Figure 2. Flow Shop for 3 Machines, Case(ii) The chromosome structure used in our genetic algorithm
is the same as in the Traveling Salesman Problem (TSP)

The work here focuses on the cage= 2 where the ob-  [17]i.e. an array of unique integers. Another crossover tha
jective is to minimize the sum of completion timg (C;), can be used is the PMX of Goldberg and Lingle [7].
or equivalently the average completion time; thus we con-  Outline. In Section 2 we discuss Johnson’s algorithm
sider the flow shop problem2|| Y~ C; with n jobs. Flow and show that it can produce solutions arbitrarily far from
shop problems are well studied; section 6.6 of [4] give a optimal for /'2|| > C; problem. In Section 3 we briefly re-
comprehensive overview of results. Non withstanding this, view the concept of genetic algorithms and describe a ge-
there is still wide interest in the problem, even when= netic algorithm used for solving2|| > C;. The implemen-

2. For example, very recently, Oulamara [18] considered tation of the algorithm utilizes GAlib, the object-oriedte
makespan minimization for no-wait ow shop problems on library of Matthew Wall [20] developed at MIT. Compar-
two batching machines. (For Batching machines the com-ative results for solutions offered by Johnson’s algorithm
pletion time of a job is the completion time of the batch the branch-and-bound (optimal), and our genetic algorithm are
jobis part of.) Independently, Liaw [15] developed hetcist ~ presented in Section 4. We conclude in Section 5.

for minimizing the makespan for two-machine no-wait job
shop problems. In this setting operations must be performe
without any interruption on machines and without any wait-
ing in between machines. We also mention that Allaoui
et al. [1] studied the problem of schedulingimmediately Johnson’s algorithm gives an optimal solution to the
available jobs in a flow shop composed of two machines F2||C.,.x problem and all the jobs are scheduled on the
in series with the objective of minimizing the makespan. same order for both machines. It creates two partial sched-
Blazewicset al. [3] have studied the variant of the problem ules,. andR. The final schedul&@ (the same for the both
where a total weighted late work criterion and a common machine) is obtained by concatenatib@nd R (see Algo-

due date £'2|d; = d|Y,,) is given. rithm 1).

Genetic algorithms for shop problems were extensively  From the setX of all jobs that are not scheduled yet, at
studied by Wall [21] in the context of adaptive approachesto time ¢ consider the job that has the smallest processing
resource-constrained scheduling. However the approdch di time for either machine: the smallest valuegf or p;o
not work well for general problems; Wall reports: “Perfor- where: € {1,...,n}. If job i has smallesp;; value then
mance on the job shop problems was less encouraging.” Fojob i is removed fromX and added to the tail df i.e, L o4
the F'2|| Y_ C; problem, however, Theorem 3.6 of Brucker and if otherwise job is added to the front oR i.e, i o R.
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b s ng Johnson’s Algorithm



Algorithm 1 Johnson’s Algorithm

1. X:={1,....,nh L:=0; R:=0;
2. while X # () do
BEGIN

3. Find jobi that has smallest;; or p;s.
. if p;1 isthe smallesthen L := Loielse R :=io R;
5. X =X\ {i}
END
.T:=LoR

This is done untilX becomes empty (all the jobs have been
scheduled irf” andR).
Initially let X = {1,...,4,...,n} be the set of all jobs.
The example in Figure(@) shows how Johnson’s algo-
rithm works for a set ofy jobs, wherei represents the job
number ang represents the machine. The optimal schedule
is presented in Figure(B).
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(b) Optimal scheduld” of the jobs

Figure 3. Johnson’s Algorithm for n =5

To show that Johnson’s algorithm gives an arbitrarily
large solution for the='2|| > C; problem, consider the fol-
lowing flow shop that has jobs (see Table 2). The value
e is considered very small and the valkevery large. We
refer to then” job as the "large” job.

Table 2. Example of A 2-machine Flow Shop
Problem

For the data given in Table 2, it is obvious that the op-
timal schedule fod_ C; would schedule the large job last,
after jobsl, ..., (n —1). Thus)_ C; is equal to

> G Ci+Cot...+Cn
2¢+3e+...+ne+ (ne+¢/2+ k)

n(n—|—3)—1€+k

lower order termst &

Johnson'’s algorithm schedules the large job first, followed
by jobsl,...,(n —1). Thus}_ C; is equal to

Ci+Co+...+Cy
(/24 k)+(k+(e) +(k+(e+e€)+...
(k+(e+---+¢)
n(n—l—l)—l—l6
2
nk + lower order terms

>a

nk +

If n is arbitrarily large, then Johnson’s algorithm gives
an arbitrarily bad solution.

3 Using Genetic Algorithms

In a genetic algorithm a fixed size set of individuals
(called generation is maintained within a search space,
each representing a possible solution to the given problem.
The individuals in the generation go through a process of
evolution. Afitness scorés assigned to each solution rep-
resenting the abilities of an individual to “compete”. The
individual with the optimal (or near optimal) fithess scae i
sought. The individuals with lower values are removed and
newer ones, added by the “breeding” process — by combin-
ing information from the parents’ components — are added.

After an initial population is randomly generated, the al-
gorithm evolves through three operatorelectionrepre-
sents the paradigm of survival of the fittesthssovemim-
ics mating between individuals, andutationintroduces
random modifications.



To maintain diversity within the population and inhibit class. A genome instance represents a single individual in
premature convergence, some characteristics of the "off-the population of solutions. The genetic algorithm defines
springs” are randomly modified. Mutation alone induces how the solution will be evolved. In addition to defining
a random walk through the search space. A new generatiorthese two classes, an objective function is needed. The thre
is created once all combinations in the old population have necessary steps to develop an application using GAlib are:
been exhagsted. Ev_entually_, once thg current populatiqn IS o define a representation
not producing offsprings noticeably different from thoge i
previous generation(s), the algorithm itself is said toehav ~ ® define the genetic operators: initialize, mutate, and

convergedo a set of solutions to the problem at hand. crossover
A genetic algorithm has the following structure: « define the objective function
1. Randomly initialize population (at tim. In our case everything, except for the evaluation algo-
2. Determine fitness of population (at tirtle rithm defining the objective function, was available regpdil
. . S _ in GAlib.
3. Repeat the following until the best individual is found: Genetic algorithms generally do not provide lower

bounds. Branch-and-bound can be used as method to solve
combinatorial optimization problems, by intelligentlylen
merating all feasible solutions.

(a) Select parents from population (at time
(b) Perform crossover on parents creating population

(attimet +1). Assume that there are subproblemsfofvhich are de-
(c) Perform mutation of population (at tinet 1). fined by a subsetS’ of the setS of feasible solution of P.
(d) Determine fitness of population (at time- 1). .thThree things are needed for a branch-and-bound algo-
rithm.
In the case of the-machine flow shop problem, anindi- 1 Branching: S is replaced by smaller problenss(i =
vidual is represented by a permutation. The fitness ofaper- ;) sych thatur_, S, = S.

mutation is the) . C;-value of the corresponding schedule.

We have to define mutation and crossover. A mutation sim- 2. Lower Bounding: An algorithm is available for cal-
ply swaps two arbitrary elements of the permutation. For culating a lower bound for the objective values of all
the crossover it is important to devise a mechanism that re-  feasible solutions of a subproblem.

tains some features of the original two individualsin sucha 3 ypper Bounding: We calculate an upper bound
meaningful way that results in two new permutations. In the upper Bound of the objective value of. The objec-
ordered crossover first used by Prins (see [19]), one takes &  tjye value of any feasible solution will provide such an
random subsequence of the first parent's permutation and  ypper bound. If the lower bound of a subproblem is
insert it directly into the child. As described in Figure Het greater than or equal topper Bound, then this sub-
child is then completed by taking material from the second problem cannot yield a better solution.

pa_ren_t’s permutation, where_ elements are inse_rted into the In the case of th&2|| 3" C; problem, we use the branch-
child in the order_they oceur m_that parent, starting amt and-bound algorithm presented in Brucker [4]. A natural
second cut location, and ignoring elements already ingerte way to branch is to choose the first job to be scheduled at the

from the first parent. first level of branching tree, the second job at the next |evel
- and so on. Thus the basic idea of this algorithm is to con-
Parent1) 184 637 |25 random slice 637 sider subproblems, wherejobs have been scheduled. Al-

gorithm Branch-and-Bound summarizes these basic ideas.
As an example, consider Figure 5. Here, the number of
jobs is4. For example the nod@3) represents the fact that
jobs 2 and3 are fixed in this order and jobisand4 could
still be in any order after jobg, 3. In general, suppose we
are at node at which the jobs in the ¢t C {1,--- ,n}
have been scheduled, whei®| = r. The cost of this
schedule, which we wish to bound, is

Parent 2| 352718|64 add underlined
Child 218637|45 child is a valid permutatior

Figure 4. Example of Ordered Crossover

We have implemented a genetic algorithm for the
machine flow shop problem using Matthew Wall's GAlib
[20]. GAlib is a C++ library developed at MIT, designed to
assist in the development of genetic algorithm application S — Z Ci + Z C;

Our programs are written under a Linux Fedora environ- by, Y,

ment, and run under GNU g++ compiler in conjunction with

GAlib. When programming using GAlib, one works primar- For the second sum, Brucker [4] derives two possible lower
ily with two classes: a genome class and a genetic algorithmbounds based on assumptions:



Algorithm 2 The Branch-and-Bound Algorithm an initial feasible solution which is the sum of completion
1. lower Bound, upper Bound = feasiblesolution GEN- time all the processes in the ascen(_jmg Ord_er-
ERATE.NODES, i) 2. When implementing a genetic algorithm, the muta-
2. IFi = n THEN currentSolution — calsch(n, a) END IF tion probability is0.01 and the crossover prob_ab|I|ty(D58_5.
) These parameters were found after extensive experimenta-
3. IF currentSolution < upperBound THEN UPDATE  yinn || ower crossover probabilities slowed convergenak an

upper Bound other mutation probabilities did not work well. The choice
ELSE of these parameters was also guided by our earlier work on
(@) CALCULATE lower Bound traveling salesman problems [2].
(o) IF lower Bound > upper Bound THEN CUT The following results are obtained by applying Johnson’s
ELSE algorithm, branch-and-bound algorithm and a genetic algo-
i FOR: 4 1TOn DO rithm to randomly chosep;; andp;» values. When more
' BEGIN runs are executed for a GA, the results are separated by com-
Il SWAP ma‘?. ble 3 contai domly sel dp;o f t
iii. CALL GENERATE_NODESG, i+ 1) END FOR 20joabse contains randomly selected andp;, for up to
END IF '
END IF Jobi | pi1 | pi2

[N

1. Every jobi € M completes its processing without de-
lay from machine 1.

2. Every jobi ¢ M starts its processing on machine 2
without delay from machine 2.
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Figure 5. n = 4, Branch and Bound Tree after
Pruning
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Table 3. Random p;; and p;, for n up to 20

We note that the branch-and-bound algorithm is expo- S
nential in its run time, and, unlike the genetic algorithm  Forn = 5 and randomly selectegl; andp;» given in

cannot be used for larger valuesof But it is useful to ~ Table 3, by running JA, BB, and GA algorithms the results
calibrate the genetic algorithm. for the objective functiory _ C; are presented in Table 4.

n=>5 | JA | BB | GA with gen=150, pop=50
S>C; | 97 | 83 83

4 Simulations and Results

The following results are developed using Johnson’s al- Table 4. > C; Results forn =5

gorithm (JA), branch-and-bound (BB), and a genetic algo-

rithm (GA) for two machine flow shop scheduling problem. Forn = 7 and randomly selecteg; andp;» given in
Two assumptions are made: Table 3, by running JA, BB, and GA algorithms the results
1. When implementing branch-and-bound, we calculate for the objective functiory  C; are presented in Table 5.



n="7 1| JA | BB | GAwith gen=150, pop=50
> C; | 182 | 150 150

Table 5. > C; Results forn =7

Forn = 10 and randomly selectegl; andp;s given in
Table 3, by running JA, BB, and GA algorithms the results
for the objective functiory _ C; are presented in Table 6.

n=10| JA | BB
SSC; | 331 | 292

GA with gen=150, pop=50
297,292,294,295

Table 6. > C; Results for n = 10

For the particular case when the total processing time
pi1 + pi2 = n + 1, the integer values fgs;; andp;, vary
inthe set{1,...,n}. Forn = 10 andp;; increasing as the
job index increases (thys. decreases) (Table 7), by run-
ning JA, BB, and GA algorithms the results for the objective
function C; are presented in Table 8.

Job:
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Table 7. Increasing p;; and Decreasing p;2

n=10 | JA | BB
SSC; | 395 | 337

GA with gen=200, pop=50
340,343,339,337

Table 8. > C; Results for n = 10

Forn = 10 andp;; decreasing as the job index increases
(thusp;s increases) (Table 9), by running JA, BB, and GA
algorithms the results for the objective functidnC; are
presented in Table 10.

Forn = 10 andp;; increasing as the job index increases
and then decreasing after- (n + 1)/2 (Table 11), by run-

Jobi | pi1 | pi2
1 10 1
2 9 2
3 8 3
4 7 4
5 6 5
6 5 6
7 4 7
8 3 8
9 2 9
10 1 10

Table 9. Decreasing p;; and Increasing p;»

n=10 | JA | BB
SC; | 395 | 337

GA with gen=200, pop=50,
343,343,342,343

Table 10. > C; Results for n = 10

Jobi | pi1 | pi2
1 1 10
2 2 9
3 3 8
4 4 7
5 5 6
6 5 6
7 4 7
8 3 8
9 2 9
10 1 10

Table 11. p;; Increasing, then Decreasing

n=10 | JA | BB
S Ci | 490 | 430

GA with gen=200, pop=50,
431,434,431,431

Table 12. >~ C; Results for n = 10

n =15 JA BB GA (gen=150, pop=50) | GA (gen=200, pop=50)
3G 717 | 601 615 620
621 628
620 627

Table 13. ) C; Results for n = 15

Forn = 20 and randomly selected; andp;> (Table 3)

by running JA, BB, and GA algorithms the results for the

ning JA, BB, and GA algorithms the results for the objective objective functiony  C; are presented in Table 14.

function C; are presented in Table 12.
Forn = 15 and randomly selectegl; andp;s given in

From our simulations we observe that the results ob-

tained by genetic algorithms are close to the results obthin

Table 3, by running JA, BB, and GA algorithms the results by branch-and-bound, while the results of Johnson’s algo-

for the objective functiory _ C; are presented in Table 13.

rithm are always worse.



n =20
2 G

Table 14. Y C; Results for n = 20

JA
1247

BB
1054

GA with gen=500, pop=50
1096, 1087, 1103

Scalability. As noted before the branch-and-bound algo-
rithm is exponential in its run time, and, unlike the genetic

algorithm cannot be used for larger valuesiolts purpose

is to calibrate the genetic algorithm. In our simulations we
have used relatively small valuesofand thus the genetic

algorithm uses moderate populations sizes (less than

[4]

[5]

[6]

[7]

and converges quickly (less than 500 generations). Thus

there is a reasonable expectation that the genetic algorith

will scale up favorably.

5 Conclusion

(8]

In this paper, we propose a heuristic based on genetic [9]

algorithms to approximate the two machine flow shop prob-
lem F'2|| >~ C;. To calibrate our genetic algorithm we show
that for smaller numbers of jobsa) the results are compa-

rable with the optimal schedule (obtained by using branch-[10]

and-bound technique).

gorithm.

Finally we show that the schedule produced by Johnson’s
algorithm can be arbitrarily bad for weighted average com-

pletion>" C; for the F2|| > C; problem.
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