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Abstract. We study the concept of series and parallel composition of linear programming problems
and show that greedy properties are inherited by such canpositicns. O resnlts are inspired by earlier
work on compesitions of low problemns. We make 1se of certain Monge properties as well as convesxdty
properties which support the greedy method in other contexts.
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1. Introduction. Hoffman [Hoffl] showed that the transportation problem is
solved by a greedy algorithm if the underlying cost array is a Monge array (so named af-
ter the mathematician G. Mongg, who first considersd such properties [Mon#1].) Maan-
while many new results concerning the question when preedy alporithms solve linear
programming problems have besn obtained (see [Hof85] for a survey), but at the same
time many aspects are still not fully understood.

In [Beift6, BBT&H, BB&6] Bain, Brucker and Tamir axplors the concept of series
parallel compesitions of network flow problems. They consider linear programming
descriptions of cost network flow problans and study the programming description of
the flow problems that result when two networks are combined by a serises or paralld
composition. They show that the presdy algorithm solwes the combined problem if it
solves the original problems. Based on [Beiff] and idess presented in [ACN8EH] Hoffiman
[Hof88] generalized this work further. He shows that the compositions preserve the
preedy property not only if path costs are obtained from edpe costs by summation but
also if they are obtained from more general operations, if they have eertain meonotonicty
and Monge propertiss.

This paper is inspired by the sarlier work in [BB&6) and [Hof88). In this paper we
show that under certain conditions the assumption that the underlying linear proprams
are specific descriptions of Aow problems can, in fuct, be dropped entirely.

We will state our main results now and prowe them in Section 2. In Section 3
we discuss how sarlier work can be raioterpraeted in the framework of senes paralld
composition of linear proprams. Section 3 also contains a lemma that links a eertain

convexity property with Monge arrays. We close with a number of technical remarks.



In what follows we will assume that all matrices are nonnegative real matrices

without zero columns. Consider then the two linear programming problems I and II:

IMEX }; CiT

(1.1} F: Yiz4:<a
z; > ]

max Zjd_.,ﬂ_.,-

{1.2) II: YyumB; < b
=0

where A; and B; dencte the columns of A and B and along with those matrices all
othear constants a, b, ¢, d are nonnegative and real. Without loss of penerality we will

assume that
{1.3) oo >m>...andd, Fdy > ...

and introduce intervals K := [0, ;] and L := [0, d, ], which contain all ¢; and 4.
Furthermore we will consider the parametric programs () and (II') whare the
constraints 3, z; = v, and 2 Uy = Ty are added.
The parallel composition of 1 and 11 is then defined as:

Max 3 &T; + 2440
Yizid;<a
2iwB; < b

(1.4) FIT

with 3., @ + 3.5 %7 = 114 added for the parametric problem 717 .
We now ddfine the series composition of I and I1. For a given function F : K x L —

R, it is defined ss:

(1.5) IV z:ijzij(g‘f)g(:)



{the columns of IV are all posssible combinations of I and 7T} with 2ij 2ij = Uiy
added for the parametric problem V7.

In the following we will obtain results sbout the inheritanee of cortain properties
under series and parallel compositions. A linear program such as I {or f7) is called a
greedy linear program if the wector £ = (£, 45, . ..} found by successively maximizing

z,, then =, ,... satisfies

(1.6} Y ad; =max{y i Yy zd; < a3 > 0],
For our context we introduce a somewhat stronger greedy property:
Let

(1.7} vy = max{¥ z;: Pzl < a3 > 0}

For any § < w < 2} consider £ the vector T truncated at v,. © Wa then call f {or J7

respectively ) a strongly constrained parametrically greedy {scpg) linesr program if

{1.8) 3 6z’ maximizes I for all § < v, < o),

2

The notion of strongly preedy linesar programs is quite natural. In fact, many
programs that are greedy linear programs are also stronply preedy. Examples are poly-
matroids or the flow problens considered in [Bei6, BBT85, BB&§]. But we do not
know of any problems where the new aspects of *preadiness” deseribed in this paper
illuminate any cases where a preedy alporithm was previously sought or is now joyously
welcomed.

We are now ready to state two central results, which we will prove in the next
section:

THEOREM 1.1. If linear program I (1.1) and I (1.2) are (scpg), so is their
parallel composition IIT (1.4)

THEOGREM 1.2. If linear program I (1.1) and IT (1.2) are (scpg), so is thedr series
eomposition I'V (1.5) if F has the following properiies:

(1.8} F{.,n} and F(u,.) are nondecreasing

! Vectar z truncated by w is defined inductively by 2, := min{w, z,}; 2 := min{w — 21;11 Zh, Zi)
fori > 1
4



(1.10)  for eachn € L, F(.,n) is conwex, for eachu € K, F{u,.) is conves

(1.11) 1y > ug, . > ng dmply Fuy,v) + Fug,m) > Flu,va) + Flug, v

Property (1.11) is known as the Monge property, which we mentioned at the begin-
ning of this section. Note that if F is differentiable {1.8) becomes the condition that
the first partials are nonnegative, (1.10) and (1.11) says that all second partials are
nonnepative

Bused on eompositions (1.4} and {1.5) one can introdues the notion of & series par-
allel linear program. A two terminal directed graph G = (V) E) is called a series paraliel
graph if it fits the following recursive definition (ses [Val78)] for a detailed treatment of
series parallel graphs): A single edpge from one terminal s {usually called the souree) to
the other terminal ¢ (usually called the sink) is a series parallsl graph. If G and G
are sixies parallel praphs with respective source sink pairs 51, #; and sy, 15, their paralld
composition is the praph obtained by identifying & and s;, and also identifying 4; and
tg. Their series composition (&, followed by 3) is the graph obtained by identifying
t, and 5.

Given a graph G, we associate with each € €  a linear program (e) of the form of
I. Denote the data of the individual problem (e} by A®), o), 49, where the number of
columns is n%*) and the number of rows is ml®. Assume that all tﬂ;ﬂ] are contained in
some convex subset O of R such that F: O x {0 = C is associative. If we la F{u, )
be written as u o o then we can define the G-composition of all the {(€).cxqr problems.
The oumber of columns of the combined problean is

| ntd
pER REPR
where P is the set of directed st paths in .

The variables are

Zpriy gz = U



where €, €,...,6, are the edges in p and 1 < 4, < a1 < 4, < n*), The

corresponding cost coeffident is

Foredgee € plet phave theform e, €2,...,6-1,8,841,.. ., € 1.&. T is the position

of £ in p. Then the inequalitiss of the (G-composition are

E E Ep:él,iﬂ,...,-iiﬂgf] <a¥) YeeE {(GF).
P3% | < 4 < plod)
1< gy < plFal
Thus iterating Thecrans 1.1 and 1.2 we hawe the following result:
THECOREM 1.3. If (7 is 0 series parallel graph, and if F : O xC = O is associative
and satisfies properties {1.9) - {1.11), then the G-composition of {scpg) linear progmms

ic a (scpg) lnear progrmm.

2. Proof of Theorems. Wea will now discuss the validity of the Theorams 1.1 and
1.2. It is clear that the series composition is the interesting one, whereas the paralld
case is straightforward. All one has to do for the parallel case is to convince oneself
that an optimal sclution for the composed problem can be obtained by merging the two
criginal optimal preedy sclutions.

We therdfore concentrate on the series composition. For the proof of Theorem 1.2
we nead the following majorization lemma:

LEMMA 2.1. Assume

(2.1) @M. b2 D by

Fi. fa,--., fn 6re nomwdecreasing conves funckions on G

(2.2) real interoal {7 contatning all a; and all b;

(2.3) i< § and u> v imply f{u)+ fi(v) > fi(v) + fi{u)
3



then if

2 =(21,...,2,) i5 @ nonnegative vector such that

(24} Shro, <YFab, k=1,...,n

me have

(2.5) S nidida) < 3 zfih)

Proof. It is clear that it is sufficient to assume all 2; > (, which we do. Wae shall
prove the lemmea by induction on #. It elearly holds for # = 1, where the only propety
of fi used is that it is nondecreasing.

For the inductive step we first consider the case where in addition to (2.1} - {2.4)

We HSSUING
(2.6) i i = z“: 2:b;
L L
and
(2.7} avery 2; is rational.

From (2.7}, there is a é > ) such that

(2.8) zm=nd mENT,i=1,...,n

Lat N = 3 n,. Consider the sequences

(2.9) al oy oy, and B > Ha. .. >y,

where the sequence @', 8%, ..., @'y consists of ny a,’s, ng a4's,.. ., in descending order,
and similarly for the sequence ¥, ¥,, ..., ¥y
From (2.1}, (2.4) and {2.8), we have

ﬂ',lEHE
! !
<
{21{]} ﬂ-1+ﬂ-g_b,]_+b"g
ay - tdy =+ + by
L



It is well known (see [HLP34]) that (2.8) and (2.1{) imply that the vector ¢/ =
{(a'1,...,a'y) isin the polytope of all conwex combinations of the wctor ¥ = (F1,..., ¥y}

and its parmutations. Sinee each f; is convex, the function

Al@) +-- -+ fi(@an) + falon) + - -+ fal@nam) + - Fald )

is a comwix function on this polytops so its maximum ocecurs at a vartex of the polytops,
namdy at one of the pamutations of ¥. But {2.3) implies that & maximizing vertex is

¥ itsalf. 5o

Yo nafilad) < 3 mafilbi).

Multiply both sides by &, use (2.8} and infer (2.5).
Now we must prove (2.5} without assuming (2.6) and (2.7). When e, = b it is
pasy to see that the lemma follows from the induction hypothesis. S50 assume o, < b

It follows that, for any € > (), there exst 27,...,2, >0

(2.11) z{ is rational, 1 = 1,...,n,
{2.12) | 2 —2i|<e i=1,...,m,
and
k k
(2.13) Ez:ai < Ez;bi k=1,...,n.
1 1

Define e > (0 using {2.13) by
*
ar} =min Y (b —a).
L
Then letting &* = (a},...,e%) with

af=ul+n,a§=a2,...,u:=a.n

we have af > ... > af, and



with equality for some & = &*.
If & = n, then, from our discussion of {2.6) and (2.7}, we have, from (2.11)

(2.14) YA < 2 F(B).

If &* < n, we have for the same reason

k* L
(2.15) PREAICTRDIESICY
1 1
On the other hand, the induetion hypothesis pives
(2.16) Y zf(af) < 3 2F(b)
L] L8]

But (2.12) and (2.14), or {2.12), {2.15) and (2.16) imply

(2.17) PIENICHEDIETICY
L 1
But the definition of e*, together with the fact that f, is nondecreasing (2.2), shows
that {2.17) implies {2.5). O
Before we prowe Theorem 1.2 we will first rewrite problem J17.

The parametric problem 17

m'dxz'iiF{ﬂu dj}zij
i L4}
(2.18) ry: 2 ( B )5\ )
Zi’j Zig =M
25 2 ()
can bhe rewritten as
Mz-ij Fley, dj}v?lq
2% = T
T{z,1
Zi iy = Wy { J}
", Zij = 0
{2.19) . S.z.4 < o
2Ty = Zj!.’j = u
Tiy Wy = {

As indieated we call the top part of problem (2.19) (induding the objective function)
T{z,y) and the remaining constraints {f). Notice that T{z,y) is a transportation
problem with right side £ and .



Hoffman [Hof§1] has shown that an optimal solution for T'{z,¥) is given by the
northwest corner rule. Formally this solution can be represented in the following

way % On the real axis starting at § , plot successive closed intervals I7, Iy, ... where
(2.20) | f; | = length of I; is .

The intervals I; are referred to as z-infervals. Procesd in the same way with y; to obtain
y-intervals J;. Then we have:

BEMARK 2.1. An optimal solution to Tz, y) is given by

{2.21} zi-_.,- =| .-[;' M Jj |

REMARK 2.2. Let z* and y* be greedy solutions to I' and 11" with parameter value
1. Then z defined by (2 21) with respect to T{z*, ¥*) is a greedy solution of IV* (2.18).
Proof. The correctness of the ranark follows from the monotonicity of ' and the
monctonicity of the coeflicients (1.3). We leave the verification to the reader. 1 0
Using Ramark 2.1, lst G{z,y) be the value of an optimal solution z defined hy
{2.21) with respect to Tz, y). Then problem JV* {2.18) can again be rewritten as
max Gz, )
zTA < e
(2.29) V" B <h

i = Sy =

We are now ready to prowe the following lemnma, from which Theorem 1.2 follows
directly:

LEMMA 2.2. Let z,y be g feasible solution to R, and * be o greedy solution of I,
Then

Gz*, v} > Gz, y).

2 We are nnable to recall when we enconntered this representation.
# Notice that ties are resalved in accordance with the northwest comer mile,
not arbitrarily, c.f. [Hof38].



Proof. Consider (in the sense of {2.2(0}) the z-intervals I; of £ and y-intervals .J; of
4 and furthermors z*-intervals I%. Now consider the common refinement of all these
intervals to obtain intervals A}, numbered successively from the left. We want to invole:
Lemma 2.1. To that end, we define numbers 2 as | K; | Numbers a; and b; are defined
as follows: Set @y =¢; if K; C I, and & = g« if K; C Iy, Functions f; are given by the
rule: If K; C J; then fi(u}) = F(u, d;).

Since problem 7 is greedy we have verified (2.1). Further since problem [ is (scpg),
wa obtain {2.4) by setting the parameter 1, successively to SF 4 fork = 1,...,n. As
for f properties (1.9} and (1.10) of F imply (2.2} and (1.11) implies {2.3). S0 Lanma
(2.1) impliss (2.5}, which is G{z*,%) > Gz, ). O

In a similar way one shows Gz, %) > G{z,y) and thus G{z*, 4*) > G{z, ). There-
fore, by Remark 2.2, Theorean 1.2 is proved.

3. Earlier Results. Weshall begin with netflows and the results in [Bai&6, BBT&b,
BB#&6] and [Hof88]. They consider cost flow problems over a series parallel graph &.
Associated with sach edge £ € E{G) are o nonnegative (usually integer) eapacty b{e)

as well a5 1 nonnegative cost ¢{e). Then the program

max 3. » &(p)z(p)
{3.1) Y pse T{2) < be) for all € € E{(G)
z{p) > Qforull pe P

with e{p)} = &, }+. . .+¢c{&,) and path decision variables z{p), is the path-are description
of the cost flow problem on G (ses [P582] for & more detailed introduction to this

formulation of flow problems).

Now define for each edge the trivial program
max c{e)z{e) : § < z{e) < be)

which is (scpg); then (3.1} is the G-composition of these programs, where F{u,n) =
1 =+ 7. Therefore it follows that the cost fiow problam on series parallel graphs is indeed
(scpg). This gives the main result of [Beifi§, BBTSE, BB&6]. More generally this result

10



holds for associativwe operations F(u,v) = n o, when they satisfy (1.9) - (1.11). This
implies some of the results in [Hof88] and [ACNE5].
We now turn to the transportation problem. In [Hof§1] Hoffman has shown that a
preedy alporithm sclves the transportation in certain cases.
Given the problem:
MEx ) 35 GijTij
25 Tij <8y

2iTif T By
Ty > 0

{3.2) TP :

with 3,8, = 2;8; and &j,8:, 8 > . Then the parametric problem with parameter
value 1 = }; @, is the transportation problan (TP).

If the array (£ )}nxm has the propertiss

{(3.3) ¢;, and ¢; are nondecressing in 7 and j

{cy) is & Monge array, ie.

34 . . :
{ } Caj1 + Cag :_}{:‘il_fﬂ+ﬂiﬂjl for all 7, <125, 1) < Jg

the problan (3.2) is greedy (and in fact (scpg)).

We will now derive this result in the framework of Theoran 1.2, Although this result
is used in proving Thecrem 1.2, it is amusing to derive it as a corollary of Theorem 1.2,
To this end, the following lemnma on Monge arrays is needed; we postpone the proof of

the lermima to the end of this section.

LEMMA 3.1. Given ann X m army (c;;) satisfying (9.3) and (8.4} then there exist
€ g Oy O Cdy <y,
and a funclion
F ey, en) % [di,de] = R
satisfying (1.9), (1.10) and (1.11) such that

Flo,djy=ey fori=1,...,nand j=1,...,m.

11



Consider then the linear programs

IMEx 3, £iF;

(35) <z <oy
and

max 335 dygj
(3.6) e

which are clearly (scpg) as the parallel composition of trivial linear programs, where
the ¢; and d; are as in Lanma 3.1. Now the transportation problem (3.2) is the series
composition of (3.5) and {3.6), using the F of Lemma 3.1, which shows that {3.2) is
indeed {scpg).

In fact, Hoffman [Hof§1] did not make any monotonicity assumptions on ¢; and
showed that pgiven the Monge property, the northwest corner algorithm solves the trans-
portation problem optimally. Hoffinan’s result howeser can also be put into our frame-
work by observing that {c;) can be transformed into & monotone array (cj;) in such a
way that 3 ;52,5 — 3 ¢};2; is a constant. To derive (cj;} from (¢;;) we subtract the first
column from all columns and then subtract the first row from all rows. The wlidity of
this transformation is casily wrified.

Finally, we turn to the proof of Lemma 3.1:

FProof Giwm g < 63 < -+ < &g, €1 < dg < --- < dp, w& dofine function
F e, en) x [dh, dn) — R by

L

{3?} F{‘:!y} = E &yﬁpﬂi+u,j+#

=0
where aq, a1, o, 1 are the coefficients of the unique representation of (z, %) € [, €]

[dj, dj'_|.]_] of the form

(3.8) T=agt+mey ag+a =1 oga >

¥=Fod; +Pdpy o+ H=1 Foph 20
Due to (3.3} the functions F{c;,.} and FY{.,d;} are nondecreasing. Furthermore ¢ <

Cg < " < 6, & < dyg < -+ < dp, can be chosen in such a way that all functions
12



dj= = 12 £y £
{2 {h
th 4
4=hTR P,
o I £Tg Gigl
Fiz. 1

F(c;, .} and F'(,,d;} are also convex. We haw: to show that F satisfies properties (1.9},
(1.10) and {L.11).
First {1.9), (1.10): Let z € [¢;, 64,). Then there exists an § < o < 1 such that

Fiz,.) = aF(e, .} + (1 — a}F{eiq, )

As a conwex combination of nondecressing and conwsx functions Fig;, .} and Fie; ), .)
the function F{z,.) is nondecreasing and convex. Repeat the arguments for FY{., ¥).
Now for {1.11}: We first prove that

{39} F{.‘I]_,'y']_} + F{IE:!PA} 2 F{zlayﬂ} + F{zﬂayl}

holds for points P = {z1, 1), P2 = {21, 1), Fr = (T2, 2}, P1 = (32,371} with

I = gt Gy gt =1 ag,a >0

T =Pt + By Ft+Bi=1 Baf20

(see Figure 1). Now (3.9) may be written in the form

1 =d_f

> Po
1 :d'j+].

(53.10)
aolig4l + @1 g+ + Gy + Ao < g + oty + BoCigel + A6

which is equivalent to

a0 (€41 + Citl,j — CitLgtl — €5} < BolCigir + €15 = Gt g1 — Eig)-
13



F. I Fr Fy £
P Fa Ig
Fg Fy
(a) {b}
Fig. 2.

Howensmir the last inequality holds hecanse ag > G and
G+l + Ciplg — Gl — Gy = 0

dus to (3.4).

Using the fact that {3.9) holds for the rectangle P, Py, Py, Py we derive in a similar
way that (3.9) holds for the inner rectangle £, s, @, €4. Next it is easy to show
(sew e.p. [GLS85]) that property (3.9) is transitive in the sense that if (3.9) holds for
P, Py, Py, Py and Py, Py, Ps, Fg it also holds for Py, Py, P, Fe; see Figure 2 (a) and (h).
Using this transitivity and the previous result the argument can be repeated to show
that {3.9) bolds for arbitrary rectangles. [

4. Remarks. We first note that the results of Section 1 can also be formulated
for minimization problems. The corresponding results require F to be concave rather
than convex and in the Monge property *>* has to be replaced by * <.

The convexity assumption for Theorem 1.2 is indeed necessary. To ses this, consider
as program (I}

max 12z + 2y

s+y+z=<1

2r+y <1
m,y,zgﬂ

and as program (11} the dummy program
max 3z
z<1

z >
14



Both programs (I} and (11} are (scpg), but for F{.,.} = min(.,.} the suriss compo-
sition is not. *

If we wealen the notion of gresdy by replacing 3, z; = v by 5, z; < v {now called
weakly greedy) the result on parallel compositions is still trus but the result for seriss
compositions does not hold any longer. The series compesition result can be earried

over if in Theoran 1.2 we require F' to have the additional property that
{4.1) Flu,0y = F{0,v)=0forallu € K,v € L.

As an example, a function satisfying those properties is Fi(u,v) =u - .

It would be interssting to characterize those F that satisfy (1.9) - (1.11) {and
property {4.1) for the wesk case). I F is assumed sssociative then thare are sewers
restrictions. Several years ago, Jeremy Kahn [Kah88] made significant inroads into the
case where F is defined over the reals and has a fixed point F{u, u) = u.

Finally, what does it mean algebraically for a linear program to be (scpg). Is it
possible to characterize those triples (A, e, ¢) such that the corresponding linear program
Iis (scpg)?

Adkcnowledgements. Wea thank Michaal Shub, Don Coppersmith and Shiay Pilpal
for their help on various aspects of this paper. We also thank (Gene Lawler for having

mitiated the contacts between authors.

4 Dummy programs are nat only nseful for counterexamples: If the objective function 3, cix of a
{=cpg) is changed to 3, f{e;}7; for a monotone and convex function f, the program remams (scpg). To
see this, all we have to do & consider the series composition with a dummy program and F{., 13 := F{.}.
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