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Abstract

We give a randomized algorithm (the ”Wedge Algo-
rithm”) of competitiveness %Hk — % for any metrical
task system on a uniform space of k points, for any
k > 2, where H, = Ele %, the k™ harmonic num-
ber. This algorithm has better competitiveness than the
Irani-Seiden algorithm if k is smaller than 10%. The

algorithm is better by a factor of 2 if k < 47.

Keywords:  Online Algorithms; Randomized Algo-
rithms; Task Systems.

1 The Ice Cream Problem and Other
Preliminaries

We reprise a simple problem taken from [7], the “ice
cream problem.” Suppose that there is a machine that
makes two flavors of ice cream, vanilla and chocolate.
The machine has two states, V and C. In state V', the
machine can make vanilla ice cream at a cost of $1 per
gallon. In state C, the machine can make chocolate ice
cream at a cost of $2 per gallon. At a cost of $1, the
state of the machine can be changed. The ice cream
vendor also has the option of making the ice cream by
hand, not using the machine, at a cost of $2 per gallon
for vanilla and $4 per gallon for chocolate. When a
customer arrives and requests a gallon of ice cream of
a given flavor, the vendor can either use the machine,
changing its state if necessary, or make the ice cream
by hand.

The ice cream problem is a simple metrical task sys-
tem. The states are V and C, and the distance between
them is 1. The requests are v, request vanilla, and ¢,
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request chocolate. Each task is a function on the states,
as given by Table 1.

VIC
v| 1] 2
4 | 2

Table 1. State table for the ice cream problem

More generally, a metrical task system is given by a
set of states drawn from a metric space M, as well as a
set of tasks 7, where a task is a function 7: M — RT.
We concentrate on the case of a uniform metrical task
system with & states A;...Ayg; in this case we have

1A, A;]| = 1, if i # j. Furthermore, for convenience,
we often write 7 = (7(41),...,7(A4x)), or simply 7 =
(T1, Toy e ooy Th)-

Intuitively, a task can be “served” at cost 7(A4;)
when the system is in state 4; € M. We consider
the online problem, where a task request sequence
o= 7!, 72...7™ is given, and a task must be served
without knowledge of future requests '. Assuming the
system be in some state A;, , at the beginning of step
t < m, an online algorithm A can move to any other
state A;,, it # i;—1 at cost 1 or remain in the cur-
rent state at cost 0. The cost of transitioning to the
new state A;, is called the movement cost. The cost
7(4;,) to serve the request from the chosen state is
called service cost. Thus, given initial state A;, and
choice of states A = A;,,... A; , the cost to service p,
is COSt(Ai()aA: Q) = Ezn:l (HAit—lAit || + T(Ali)) :

As is customary, we analyze an online algorithm for
metrical system in terms of its competitive ratio, which

IWe remind the reader that we use subscripts to indicate
components and superscripts to indicate time. Thus, 7; is the
i*" component of request 7, while 7¢ is the request at step ¢.



essentially gives the ratio of its cost over the cost of an
optimal algorithm which has knowledge of the entire
request sequence before making any decisions. More
precisely, we say that an online algorithm A for a given
metrical task system is C'-competitive if there is a con-
stant K such that, given any request sequence p, and
algorithm A’s choice of states, A,

COSt(AZO ) A’ Q) S COPT(AiO ) Q) + K
where

opr(A;,, 0) = min g{cost(A;,, A, 0)}.
There is a %—competitive online algorithm for the ice
cream problem given in [7], as follows:

e If the state is V and the request is v, or if the
state is C' and the request is ¢, then simply use
the machine.

e If the state is V and the request is ¢, then change
the state of the machine to C' and use the machine.

e If the state is C' and the request is v, and if the
previous request was also v, then change the state
of the machine to V' and use the machine. Other-
wise, make the ice cream by hand.

It is also shown in [7] that no deterministic online
algorithm for the ice cream problem can have compet-
itiveness less than %.

For the general deterministic problem, Borodin,
Linial, and Saks [4, 5] show that any metrical task sys-
tem with n states has a (2n — 1)-competitive online
algorithm. Furthermore, this result is best possible in
general, i.e., there is no lower competitiveness which
applies to all n-state task systems. However, much
better competitiveness can be achieved using random-
ization.

Throughout this paper we describe randomized al-
gorithms in distributional form, i.e., at each step the
algorithm is specified by a distribution 7 = (p1, ..., k)
over its states Ap ... Ay, and the corresponding service
and movement costs are defined in terms of expected
value. Thus, for randomized algorithms, competitive-
ness is stated in terms as expected value as well.

There is no randomized online algorithm for the ice

cream problem of competitiveness less than %. We
give an %—competitive randomized online algorithm,

which we describe using the distribution model. Let
D = {V, 2V + 2C, C}, a set of distributions on the
set of states. The initial distribution is some 7° € D.
After ¢ steps, the current distribution will be some 7t €
D.

If the request at step t is 70 € {v,c}, then 7! is
computed as a function of 7#t~1 and 7%, as shown by
Table 2. The algorithm thus remembers nothing except
its current distribution.

if 71 s |v|2v+ic
then for v go to nt: | V Vv %V + %C’
then for ¢ go to n': | C C C

Table 2. Transitions of the ice cream algo-
rithm

The %—competitiveness of this algorithm can be ver-
ified by using the potential

(V) = 0
(Vv +ic) = &
eC) = 5

and the methods given in Section 2.

We note that task systems have been of significant
interest (see, e.g. [1, 2, 5, 6, 7, 9, 10] ) because many
other online optimization problems can be modeled as
task system problems.

In the next section we give a new randomized algo-
rithm for any metrical task system on a uniform space
of k points, for any £ > 2. We call this algorithm
the “Wedge Algorithm.” The best known algorithm for
this problem is the algorithm given by Irani and Sei-
den in [9] which has competitive ratio Hy, + O(y/logk).
(Hy, = Zle 1 is the &*™™ harmonic number.) This al-
gorithm is asymptotically optimal but quite far from
optimal if the number of states is not very large. For
example, the competitiveness of the Wedge Algorithm
for k = 3 is 3L ~ 2.58, whereas the Irani-Seiden algo-
rithm has competitiveness approximately 9.18. Table
3 shows competitive ratios for some other k. We will
show that the competitive ratio of the Wedge Algo-
rithm is %Hk — % and we note that the competitive
ratio of the Irani-Seiden Algorithm is about double the
ratio of the Wedge Algorithm if the number of states
is less than 47.

An important concept in the definition of the al-
gorithm is the concept of a work function, which we
briefly review here. (See [3] for a more extensive discus-
sion of work functions and their properties.) Assume
A; to be a start state. Let o = 7', ...7™ be given to
be the sequence of tasks. For any t < n, let wZ(Ai) be
the minimum cost of servicing the sequence 7',...7¢

starting at state A; and ending at state A;. Thus, wé



k Wedge | Irani-Seiden
3 2.58333 9.18338
7 3.81786 10.4427
10 | 4.34345 10.9829
10% | 7.77607 14.4312
10% | 11.2277 17.7313
108 | 25.043 29.9873

Table 3. Competitive ratios of the Irani-Seiden
and the Wedge Algorithm given different
numbers of states

is a real valued function on M, which we call the work
function at step t. If g is understood, we simply write
wt for ‘*’Z' For convenience, we write any work function
w as a k — tuple (z,,...,z), where z; = w(A;).

From [3], we have the following in the case of the
uniform task system with k states:

1. [Initial condition] w®(4;) = 0 and w®(4;) =
||A1,AZ|| =1 for all ¢ 75 1.

2. [Optimality] min; {w™(A4;)} is the minimum cost
of servicing the sequence p.

3. [Lipschitz] |w(A4;) — w'(A;)| < [|A4i, 4;]] = 1 for
any t and any 1 <i,5 <k.

4. [Update operator] If w~! = (z,,...,7;) and 7t =
(€1y..,cr), then wt = (y,,...,yx) = W LATE de-
fined by

o . T; +¢;
YT P ming o 4o+ 1)
2 The Wedge Algorithm

The Wedge Algorithm, which we refer to as Ay, is
a stable distribution algorithm, i.e., its distribution de-
pends only on the current work function. Let W be the
set of all non-negative functions M — R* which satisfy
the Lipschitz condition, and II the set of all possible
distributions on M. A stable distribution algorithm A
is defined by a function w4 : W — II, as follows: if w!
is the work function after ¢ steps, then the distribution
of states of A after ¢ steps is m4(w?).

In our example, where there are k states, any dis-
tribution on M can be written as a k-tuple of non-
negative numbers whose sum is 1. Thus

Ta cWCRE 5 TCR

Before we give the general definition of Ay, we sum-
marize Chrobak and Noga’s definition of A, and Ajs

[8]. They define 7 4, as follows:

To—x1+1 ¢y —29+1
7T_A2(5l71,5[72) =

2 ’ 2

Note that, for any z, n(z,z + 1) = (1,0), n(z,z) =

(1,1), and 7(z + 1,2) = (0,1).

We define 7 = w4, by using the symmetry of M
under any permutation of the three states: WV is the
union of six regions characterized by the ordering of
the components of the work function. Let A be the set
of all work functions w = (&, ., %;) such that z, <
T, < x3 < z; +1. We call A the model region. If
o is any permutation of the three states (i.e., of the
three components of w), then oA is a region. A is
three dimensional, but we adopt the offset rule that
(X1, Toys) = 7(xy + h, 2 + h, x5 + h), so it suffices
to define m on a 2-dimensional cross-section of A. We
identify three vertices of A, namely v, = (0,1,1), v, =
(0,0,1), and vs = (0,0,0). Let

1. ma,(vy) = (1,0,0).

3,0)-
5)-
We then define w4, : YW — R to be the unique exten-
sion which is linear on A, follows the offset rule, and
is symmetric under permutation of the states. The
reader should note that 74, is continuous on W and
linear on each region, but not linear on W. Figure 1
indicates the function 74, as a mapping from a cross-
section of W, a hexagon, to II, a triangle. The model
region is shaded in the above figure, while the image of
the model region is shaded in the lower figure.

Now, for any k, let A C R*, the model region, be
the set of work functions w = (,, s, - . ., 1) such that
z, > 0,z; <xiqq foralll <i < k,andzp < x1+1. For
1 < m < k, let v,, be the m'™® vertez of A, defined to be
that work function which is 0 on the first m coordinates
and 1 on all others. We then define 74, (vn,) to be the
distribution which is % on each of Ay,... A, and zero
on other states. We then extend 74, to all of W by
requiring that it satisfy the offset rule, that it be linear
on A, and that it be symmetric under permutation of
the states. Note that 74, is continuous on W, is linear
on each of the k! regions, but is not linear on W for
k> 2.

We now analyze the competitiveness of the Aj. If
7 = (p,...,pr) € I and 7 = (1y,...,7) is a task,
define cost(n, ) = Zle p;iTi, the cost of executing the
task while at the distribution. The following lemma is
taken from Section 1.4 of [3].

[N

2. Ty (vy) = (

Wl

3. 7TA3(U3) = (%,



(1,0,0)

(0,1,0) (0,0,1)

Figure 1. The Distribution Function 7

Lemma 1 If there is a function ® : W — R which
satisfies the following conditions for some C > 0:

(a) Ifw is any work function and h > 0 is a constant,
S(w+h)=P(w)—-C-h.

(b) If w is any work function and let T be any
task, then ®(w) > ®(wAT) + cost(m(wAT),T) +
[|7(w), m(wAT)||, where ||m,7'|| denotes the trans-
portation distance between m and w'.

then A is C-competitive.

We call a function ® which satisfies the hypotheses of
Lemma 1 a potential function. Note that ® need not
be non-negative.

We now prove that Ay, is (2Hj, — 5-)-competitive
by defining a potential function ®.

Given a work function w = (z1,...,2z1) € A, define

g o Tit1 — T ifi<k
&—Zz(w) - {l‘l-f-].—l'k ifi=k
k
1 3 1 1
i=1
1 , 1 i
+ZZ@+5 Z jmj
1<i<k 1<i<j<k
k

N | =

>
1<i<j<k J

The potential extends to all work function by sym-
metry. If w ¢ A, find a permutation o such that
woo € A. Then define ®(w) = ®(w o o).

Lemma 2 Suppose w = (z,,...x) € A. Then

(a‘) Write ﬂ-Ak(w) = (pupz:---:pk)' Then pi =

pilw) =3 2 for 1<i <k
(b) ®(w+h) = ®(w) —C-h for C = ng—
heR.

© 8 - <0fri<ish

1
55 ond

Proof: Part (a): Since 7;(w) is linear, we only need to
verify the equality at the vertices of A. For any given
1 < m <k, Then £y, (vy) = 1, and £;(vy,) = 0 for
i #m. If i > m, then all the terms in the summation
for p; are zero, while if ¢ < m, one term is L and the
other terms are zero.

Part (b): Recall that ¢;(w + h) = ¢;(w). Thus

k

1 31 3 1
d(w)—d = - — °N"Cp=2H, - —
(w) — ®(w+h) 2kh+2i:1ih CHy - 5
Part (c):
If i =1, we have
o op
6—1'1 + pl_a—x1
_ 1t 3.1 J=i,
2%k 2 2 & J
1<5<k
1 k—j "1
-3 —li+ Y =l
1<j<k j:lj
1
1— =
+ 2
k+1
= —(Q—k)(l—él—fk)
— (= Dk—(k=45)j+2k,
+ . ¢
- 25k
j=2
_ _(w)(l_im
- 2k e
j=1
k— . N .
M S LRy ) R I (AR P}
= 27k

k*l - .2 -
—Jjk+j3°+k—3j
= S ¢
0+j_2 %5k j



< 0
If 1 <i <k, we have

o + o (9pi
ox; pi 65[71

- E:Jﬂ

z<]<k

1 1—7 1 j—(i—l)
D D el Uk}

2 L i 2 & J

1<j<i—1 1<j<k

1 t—1—3 1 1
__ = Jy. /8 Z

2 Z i—1 7+Zj it

1<5<i~1 j=i

1
=1 —-lii =4
22.( lioy — ;)

fly i oiGo1og),

— j
1<j<i-1 it =1)

1 1
+§Z 74

i<j<k

k
1
= -5 _;@) +

j—(-1)
2 2i(i — 1) b

1<j<i—1

i<j<k Q’U
i J—i
= 0 -
Z 2i (Z - 1 Z 22] b
1<<i—1 i<j<k

< 0
This completes the proof of (c¢). O

Theorem 1 There is a ( Hy — ) -competitive ran-
domized online algorithm for the umform metrical task
system with k states.

Proof: We need only show that & satisfies the condi-
tions of Lemma 1. condition (a) of Lemma 1 follows
from Part (b) of Lemma 2.

We now prove that condition (b) of Lemma 1 holds.
Let w = (z4,...,2%) and let 7 = (74, ..., 7). Without
loss of generality, w € A. Using the techniques of [3],
we can assume that, for some m € {1,...k}, 7, = € >
0, and 7 = 0 for all i # m. We can also assume that
one of the following two conditions holds:

o WAT =w

e For some m, 7, =€ > 0, 7, =0 for all  # m, and
WAT =w+ T € A.

We first consider the case that wAT = w. Then
Zym = x1+1, which implies that p,, (w) = pm(wAT) =0,
and the result holds trivially.

Otherwise, for any 0 < t < ¢, let 7(¢) be the re-
quest whose m'™ coordinate is ¢, and all of whose other
coordinates are zero. Thus, 7(0) is the null task, and
7(e) = 7. For any i, let z;(t), ¢;(t), w(t), and p;(t) be
the values of z;, ¢;, m, and p; after the request w, 7(¢).
wAT(t) lies in the interior of A for all 0 < ¢ < e. Thus,
x;(t), £;(t), and p;(t) are smooth functions in the range
0 <t <e. It can be easily verified that p,,(t) is mono-
tone decreasing.

In the computation below, the first inequality is ob-
tained by integrating the inequality given in Part (c)
of Lemma 2. The second inequality follows from the
monotonicity of p,(t).

P (w)

Y%

S (wAT /E Pm(t)dt — pr(€) + P (0)

)+
D (WAT) + €pm(€) — pm(€) + pm(0)
O (wAT) + cost(wAT, 7r(w/\T))
(wAT)]]

v

+ |lm(w), 7

completing thus the verification of Hypothesis (b) of
Lemma 1. The result follows. O

3 Further Refinements

It would be desirable to know the optimal compet-
itive ratio for any metrical task system on a uniform
space of k points, for any fixed value of k. In this sec-
tion we describe ongoing work in that direction.

The idea is that the wedges of Figure 1 could be
further subdivided to obtain algorithms with better
competitive ratio. We will briefly describe algorithms
SubWedgey, ,, where £ > 3 and n > 1. For any
1 <¢ < j <k and for any integer 0 <m < n, let h; jm
be the hyperplane z; — z; = 7. Writing each work
function as a k-tuple (z,,...,2), the {h;jm} subdi-
vide A C W into n*~! subregions. Since we will use the
offset rule, we focus our attention entirely on a cross
section of A, which is a (k — 1)-simplex. The induced
subdivision of any cross-section consists of n*~1 (k—1)-

”:f;l) vertices. SubWedgey, n, is

constructed as follows:

simplices, and has (

1. Define 7(v) for every work function v which is a
vertex of the cross-section.

2. Extend 7 by the offset rule.

3. Extend 7 to all of A such that 7 is linear on every
subregion.



4. Extend 7 by symmetry, i.e., m(c(w)) = o(n(w))
for every permutation of the k states and every
w € A.

5. If the current work function is w, the distribution
of SubWedgey, ,, is 7(w).

Notice that step 1 is left open. Thus, as it currently
stands, SubWedgey, ,, is a family of algorithms, even for
afixed k and n. If n = 1, 7(v) is defined as for Ay. For
larger n, we would like the choices in step 1 to cause
the competitiveness to be minimized.

Our approach can also be used to obtain lower
bounds. In fact, as the subdivision is further re-
fined, better bounds are obtained. Table 4 shows lower
bounds for k£ = 3.

n Ccy

1 | 1.83333
2 | 2.16579
3 | 2.28480
145 | 2.52721

Table 4. Lower bounds for k = 3

Our preliminary work leads us to conjecture that for
the three-state uniform metrical task system problem
the true competitiveness must be approximately 2.53.
It would be interesting to generalize this approach for
arbitrary values of k to obtain algorithms which have
competitiveness arbitrarily close to optimal. We con-
jecture that for appropriate choices in step 1 for any
fixed k, the limiting competitiveness of SubWedgey, .,
as n grows is the optimal randomized competitiveness
of the uniform metrical task system with k states.
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