lce Cream Problem

(1996 Dagstuhl)
An ice-cream maker has two states:

\V and C

Two tasks:
V = “Need vanilla”

C = “Need chocolate”

It costs 1 to change state

V C
VI 1 2

C| 4 2




Given a sequence of tasks:
How do we serve them?

Assume start state = v
ask sequence = vcvveve

Opt Cost = 11



Metric Space M = {x,,...X,}
d, =distance (x;x,)

A task is a vectorr = (r.,...,r,)

. The current state is some x,

Request r is received
Change state to some X

. "Serve” the task
Change state to some X,

oK~ b =

Cost=d; +r,+d,



Competiveness of a MTS

”Tn online cost _ C

offline cost

The ice-cream problem:

Co = % (Dag 1996)



Theorem: For any M of cardinality k, the
unrestricted MTS on M is 2k-1 competitive.

(deterministic)

Borodin, Linial, Saks (1987)

Randomized Competitiveness:
little is known.



Unrestricted Metrical

ask System

Given metric space M

All non-negative vectors are tasks.

Without loss of generality:
All tasks are of the form

(0,0,...¢,..
1

lth

. 0)

Where € = 0 is arbitrarily small.



UMTS, =

unrestricted MTS on
a uniform space of k points

/'

(All distances = 1)

What is C_ , (against the oblivious adversary) 7

Fork=2,C_  =2.

rand



Our Results

Cs< 2 H - - alk

2 2k
(generalizes Chrobak - Noga)

fork=2, 2
fork =3, = =2.58333...
fork=4, 3



Work Function for UMTS,
w=(w,...w,) W, -w| =1
w,= opt cost of serving sequence & ending in state

Updating Work Function (Dynamic P.)

w=(w,...w) current work function
r=(r,...r) next task

WAr=w=(W,..w,)  nextwork function
For all i do: W, =W, +r,;
For all /,j do:
if W, >w, + 1 then
W, =w; +

We say w is an offset function if min w, = 0.



Randomized Online Algorithm for UMTS,
4,

w= (W, w,) | > (P, Py)
|
Py [xi] + P[]
Defined by:
1-w,+w,
P, = 5
1 - +
p = VK; W,

f’”Hfrj;::::;j::jgzzi:::::::::;hih‘ws

o) 00 (10 10 @3 (1)

W ),
A, is 2 completive [Chrobak, Nogal]




A Stable Distribution Algorithm for UMTS,

Def: distribution = probability distribution on states.

w = all work functions

9 = all distribution

W—%—9

Compute wt=wt? 5 rt

‘move”’to & (w))




([ for UMTS,, k=3

[Chrobak, Noga]

(0,0,1) (1,0,1)

PL —

k! pieces

W

(0,1,1)




Define (L, on one piece:

A={wew |w,sw,<..<w<w, + 17}

(0,0,1,1)

b=w,—w ifick

fk=w1+1—wk
k

P=3 1/

! i=1

(0,1,1,1)

(Wy, Wy, W3, W,)

N.B. P20
5P =1




- 3 1
(L. is C competitive, C= 2 H, -2,

w=(w,..w,..w,) -P=(P,...P,)
0,...¢5...0) P, |/:>\||
wW=(W,.W+E..W,) -P=(P,.P)
Our cost =
IP,P|| + &P,

We will define a potential @
1) (w+A) =0 (w)—A-C
2) ®(w)- @ (W)2||PP| +EP




OnA={w|w,sw,<..sw<sw, + 1)}

Let @ =
k k
325 L+ %Ié/,z-%léiiwlﬁﬁw
1<I<j<k
/ /(W)_{ ivq= W, if i <Kk
W+1 W, if i =k

Need to ver/fy
1) 0 <05 20 ifj#i

’aw

2) © ‘“fits” on boundary of A
3) @ wW+A)=P(w)—A-C

dP

4)%‘;+Pi- W <0

ow.




Lower Bounds for UMTS,
Suppose UMTS is C — competitive. Then 3 potential

¢W any workfunction W
p any distribution P

S.t.

1) @ =@ "-AC

2) VPVraP @ » 2@y +||PP|| +r-P
3) 1@ —-® ¥ =||P,Q|l (7-Lipschitz)



Variables:

C, CD[,.]W for all i, all special w.

Minimize C s.t.
W — w+1/n
®.=® "+ 1/nC

If wAg=W,

N\ k N\
@, 2 (1-1/n)®, "+ 1/kn ,; @+ 1/n

The resulting C will be a lower bound on the
competitiveness of UMTS,




LP lower bound proof
Fixn=1

Def: w=(w,,... w ) is special

if 1) Wi w = Integer
! N

2) minw, e {0, 1/n}
/

Def: ¢ = (0,... 1{n,...0) special tasks

lth
N.B. If wis specialand min w=20

and w = wAZthen w is special



Result k=3

C = 1.83333333
C 2216579413
C 2 2.28480506
C 2 2.34557796

D R B R
=1 1 1
A~ WN -

n=145 C =2.52721024

Conjecture: Converges to the true competitiveness
? C=253 ?
? ?



Future work

LP for upper bounds
(seems straight forward, but there are issues.)

Convergence Conjectureasn — » «

Non-uniform spaces,
non-universal MTS's

Differential Equation to obtain exact
solutions.



