Chapter 10: Power System Representation and Equations

10-1.  Sketch the per-phase, per-unit equivalent circuit of the power system in Figure 10-2. (Treat each load on
the systems as a resistance in series with a reactance.) Note that you do not have enough information to
actually calculate the values of components in the equivalent circuit.

Load A ®;.é:l_D—§ E—D—[:Ef Load B

Bus 1 T Bus 2

SorutioN The per-phase, per-unit equivalent circuit would be:

Line T.

10-2. A 20,000 kVA, 110/13.8 kV, Y-A three phase transformer has a series impedance of 0.02 + j0.08 pu.
Find the per-unit impedance of this transformer in a power system with a base apparent power of 500
MVA and a base voltage on the high side of 120 kV.

SorutioN The per-unit impedance to the new base would be:

per-unit Z, = per-unit Z,, ., k ngcn} L Sien J (10-8)

glven

110 kV) [500,000 kVA

j =0.42+ j1.68 pu
120 kV 20,000 kVA

per-unit Z,,, =(0.02+ j0.08)[
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10-3. Find the per-phase equivalent circuit of the power system shown in Figure P10-1.

[
Region | | Region 2 Region 3
[
[

@DH%D—D%

L, impedance:

' R =5Q '
X=20Q
G| ratings: T ratings: T, ratings: M, ratings: M ratings:
30 MVA 35 MVA 30 MVA 20 MVA 10 MVA
13.8kV 13.2/115kV 120/12.5 kV 125 kV 12.5kV
R = 0.1 pu R =0.01 pu R =0.0I pu R=0.1pu R = 0.1 pu
X¢=1.0pu X=10.10pu X = 0.08 pu X¢=1.1pu X¢=1.1pu

SoruTioN The per-phase equivalent circuit must be created on some system base voltage and apparent
power. Since this problem has not specified the system base values, we will use the ratings of generator
G, as the system base values at that point. Therefore, the system base apparent power is S, =30 MVA,

base

and the system base voltages in each region are:

Viy =13.8kV
115k 115k
VbaseZ Z[ > Vj Vbasel = [ﬂj (138 kV) =120 kV
’ 13.2kV ’ 13.2kV
v = [12.5 kV) Vo= (Mj (120 KV) = 12.5 kv
’ 120 kV i 120 kV

The base impedance of Region 2 is:

2 2
, (Viwsez) (120,000 V)
e g ~ 30,000,000 VA

30, base

=480 Q
The per unit resistance and reactance of G, are already on the proper base:
Z;=0.14 j1.0 pu

The per unit resistance and reactance of T | are:

: — : glVel’l new
per-unit Z = per-unit Z ( v J L J

glven

13.2 kV) (30,000 kVA

) =0.00784 + j0.0784 pu
13.8kV/ 35,000 kVA

Z, :(0.01+j0.10)(

The per unit resistance and reactance of the transmission line are:

Z 120 Q
line = = 5+] 0 = 00104 + ]00417 pu
Z 480 Q

base

The per unit resistance and reactance of 7, are already on the right base:

Z,,=0.01+0.08 pu

The per unit resistance and reactance of M, are:
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10-4.

12.5 kvj2 [30,000 kVA

j =0.15+ j1.65 pu
12.5kv/ 20,000 kVA

Z,, :(o.1+j1.1)[

The per unit resistance and reactance of M, are:

2, =014 /1 1)(12.5 kvj2[3o,ooo kVA
v =TI 5 kv) L10,000 kYA

j =0.30+ j3.30 pu

The resulting per-phase equivalent circuit is:

T Line T.

1

j0.0784  0.00784 ;0.0417 0.0104 j0.08 0.01

0.1 0.15

Two 4.16 kV three-phase synchronous motors are connected to the same bus. The motor ratings are:

Motor 1: 5,000 hp, 0.8 PF lagging, 95% efficiency, R = 3%, X, =90%
Motor 2: 3,000 hp, 1.0 PF, 95% efficiency, R = 3%, X =90%

Calculate the per-unit impedances of these motors to a base of 20 MVA, 4.16 kV. (Note: To calculate
these values, you will first have to determine the rated apparent power of each motor considering its rated
output power, efficiency, and power factor.)

SorutioN The rated input power of Motor 1 is

(5, 000 hp) [7?6th
p=on - P2 _303kw
n 0.95
The apparent power rating is
| =£=M=491 kVA
PF

The per-unit impedances of Motor 1 are specified to the motor’s own base. The impedances converted to
the specified base are:
2
Vgiven\ ( S

per-unit Z, . = per-unit Z, (V_ J Ls"ﬁ J (10-8)

new given

4.16 k\/)2 (20, 000 kVA
4.16 kV 491 kVA

Z,=(0.03+ j0.90)( j =122+ 36.7 pu

The rated input power of Motor 2 is
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10-5.

L, (3,000 hp)[7;‘6 W]
p=tou = P2 _236kw
n 0.95
The apparent power rating is
P, 236k
5, =12 = B0V _ 36 kva
PF 1.0

The per-unit impedances of Motor 2 are specified to the motor’s own base. The impedances converted to
the specified base are:

2
per-unit Z . = per-unit Z,; ., (%} {5“&} (10-8)

given

4.16 kvj2 (zo, 000 kVA

] =2.54+ j76.3 pu
4.16 kV 236 kVA

Z,=(0.03+ j0.90)[

A Y-connected synchronous generator rated 100 MVA, 13.2 kV has a rated impedance of R = 5% and
X = 80% per-unit. It is connected to a j10 € transmission line through a 13.8/120 kV, 100 MVA, A-Y

transformer with a rated impedance of R = 2% and X = 8% per unit. The base for the power system is 200
MVA, 120 kV at the transmission line.

(a) Sketch the one-line diagram of this power system, with symbols labeled appropriately.

(b) Find per-unit impedance of the generator on the system base.

(c) Find per-unit impedance of the transformer on the system base.

(d) Find per-unit impedance of the transmission line on the system base.

(e) Find the per-phase, per-unit equivalent circuit of this power system.

SoruTioN The base quantities for this power system in Region 2 are:

S,... =200 MVA
I/base,Z = 120 kV
2
, (Vi) _ (120,000 V)"
e g 200,000,000 VA

30, base

The base quantities for this power system in Region 1 are:

S,... =200 MVA
I/basel = (138 kV) I/base2 = [M] (120 kV) = 138 kV
' 120 kV ' 120 kV
2 2
v, 13,800 V
Zypger = Vet _(3800V) 00,
1T Suwe 200,000,000 VA
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(a) The one-line diagram for this power system is shown below:

|
Region 1 : Region 2
|
|
I
G, T L

Y O30 -

L, impedance:

1
AY X=j10Q
G, ratings: T, ratings:
100 MVA 100 MVA Base Values:
13.2kV 13.8/120 kV 200 MVA
R=0.05pu R=0.02pu 120 kV

X,=08pu  X=0.08pu

(b) The per-unit impedance of the generator on the system base is:

V(s
er-unit Z___ = per-unit Z Vo new 10-8
p new p glven ( V;lew J L glven) ( )
13.2k 200 MVA
= (0.05+j0.80)[ 3 Vj [ 00 MV ) =0.0915+ j1.464 pu
13.8 kV 100 MVA
(c¢) The per-unit impedance of the transformer on the system base is:
er-unit Z__ = per-unit Z gwe“\ S (10-8)
p new p glvenk vV J L J
new glven
= (0.02 + ]’0.08)[13'8 kV] (200 MVA] =0.04+ 0.16 pu
13.8 kV 100 MVA
(d) The per unit resistance and reactance of the transmission line are:
Z j10 Q
Z,  =——=>=——=70.139 pu
line Z 72 Q ] p

base

(e)  The resulting per-phase equivalent circuit is:

T,

Line

j0.16 0.04  0.139 0.00

0.0915

71.464
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10-6.

10-7.

Assume that the power system of the previous problem is connected to a resistive Y-connected load of
200 Q per phase. If the internal generated voltage of the generator is E, =1.10£20° per unit, what is the

terminal voltage of the generator? How much power is being supplied to the load?

SorutioN The Y-connected load is connected to the end of the transmission line in Region 2, so

Zyase2 = 72 Q, and the per-unit impedance of the load is
Z 200Q
2w =——=——"=278pu
Lo 12Q
The resulting current flow is
IL..= £,
line —
ZGl + ZTl + Zline + Zload
1.10£20°

I =
e (0.0915+ j1.464) +(0.04 + j0.16) +(0.139) +(2.78)
I, =0323/-11.2°

line

The per-phase terminal voltage of the generator will be
V,=E,-1R,—j1,X;

V, =1.10£20°—(0.323£—11.2°)(0.0915) - j(0.323£ —11.2°)(1.464)
V,=0917£-5.14°

Therefore, the terminal voltage will be (0.917)(13.8 kV)=12.7 kV. The per-unit power supplied to the

load is

2
P,=1,’R=(0.323)"(2.78)=0.290
Therefore, the total power supplied to the load is (0.290)(200 MVA) =58 MW .

Figure P10-2 shows a one-line diagram of a three-phase power system. The ratings of the various
components in the system are:

Synchronous Generator 1: 40 MVA, 13.8kV,R=3%, X, =80%
Synchronous Motor 2: 20 MVA, 13.8kV,R=3%, X, =80%
Synchronous Motor 3: 10 MVA, 13.2kV, R=3%, X; =100%
Y-A Transformers: 20 MVA, 13.8/138kV, R =2%, X=10%
Line 1: R=10Q,X=50Q

Line 2: R=5Q,X=30Q

Line 3: R=5Q,X=30Q

The per-unit system base for this power system is 40 MVA, 128 kV in transmission line 1. Create the
per-phase, per-unit equivalent circuit for this power system.
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T, T,

| L
! Region 2 _

JAN ¢ YA
YOO L 1OY

T 7,

Region 1 Region 3

Region 5

Bus | Bus 2

AN 4

. Bus 3
Region 6

SoruTioN This power system has been divided into regions at the transformers, with the base voltage and
apparent power specified in Region 2 to be 128 kV and 40 MVA. The base quantities for this power
system in all regions are:

S,... =40 MVA
13.8k 13.8k
I/basel:( 3 8 V)I/baseZZ( 3 8 V] (128 kV):128 kV
U138 kv /) 2 T U138 kV
2 2
ViL base 12,800 V
Zbasel=( v | ) 40060
’ Sibme 40,000,000 VA
I/:base,2 = 128 kV
(Vi) (128,000 V)?
Zor =" = =409.6 Q

base,2 S3¢’ base - 40’ 000, 000 VA

Visses = [13‘8 kvj Viwes = [13‘8 kvj (128 kV)=12.8 kV
21ss kv /e U138 kV

2 2
(VLL, base,3) — (12’ 800 V)
base,3 S3¢, base 40’ OOO’ OOO VA

=4.096 Q

138 k 138 k
Vbase4=( 38 Vijml:( 38 Vj(12.8 kV) =128 kV
47 \13.8kV/ ™ T 13.8kV
Vi1 base 128,000 V)’
Zbasef( ) _ ) 40060

Simwe 40,000,000 VA
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= [ 138 kvj s = [ 138 kvj (12.8 kV) =128 kV

14
base,5 13.8 kV 13.8 kV
2
7 _ (VLL,basc,S) — (128’ 000 V)2 =409.6 Q
T S e 40,000,000 VA '
V. .= (13'8 kV] based = (13'8 kvj (128 kV)=12.8 kV
w0 138 kv /"t \138kv
2
7 _ (VLL, base,G) — (12’800 V)z =4.096 Q
base,6 S3¢,base 40’ 000, 000 VA .

The base quantities for this power system in Region 1 are:
S.... =200 MVA

base
base, 1 = (M) base,2 = [M] (128 kV) = 128 kV
’ 138 kV ’ 138 kV

2
7 _ (VLL, base,l) — (128’000 V)2 — 409 6 Q
base, 1 S 407 OOO, 000 VA '

30, base

The per-unit impedances of the various components to the system base are:
2
per-unit Z__ = per-unit Z (Vgive"\ ( fow

new grven k V J LsgivenJ

2
Z; =(0.03+ jO.SO)G; 2 g) (40 MVA] =0.0349 + j0.930 pu

(10-8)

40 MVA
2
Z,,=(0.03+ j0.80)(13 3 kvj [40 MVA] =0.0697 + j1.860 pu
128 kV/) \20 MVA
13.8kV\’ (40 MVA
7 =(0.03+ j1.00 ( ] ( ):0.140+ '4.65
s = NN eev) Gomva 705 U
2
Z,, =(0.02+ jO.lO)(B 3 kvj [40 MVA] =0.0465+ j0.233 pu
128 kV/) \20 MVA

7, =2 104708 0 has j0.1221 pu
Z 40960

base
z,, =2 =220 01224 0.0732 pu
Zoy  409.6Q

base

z 30 Q
_2H308 01204 70.0732 pu

Z
4 409.6 Q

base

All transformers in this figure are Y-A, and the base quantities are the same for all of them, so the per-unit

transformer impedances are:
Zy=2y=2,,=2,,=7Z,s=2,,=0.0465+ j0.233 pu

The resulting per-phase, per-unit equivalent circuit is shown below:
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10-8.

j0.233

0.0349

70.233

0.0465 j0.122  0.0244 j0.233 0.0465
0.0465 j0.233  0.0465
j0.0732 j0.0732
LZ L3
0.0122 0.0122
j0.233 j0.233
TS T6
0.0465 0.0465
0.140
j4.65
.
M.

0.0697

Calculate the bus admittance matrix Y,

in Figure P10-2.

bus

and the bus impedance matrix Z

bus

for the power system shown

SorutioN The voltage sources can be converted to current sources, and the series impedances between
each bus can be replaced by a single admittance, resulting in the system shown below. Note that we have
labeled each bus with a number.
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Q
o<

The admittances in this circuit are:
1 1

Y= Zp+ 2, +Zy,  (0.0465+ j0.233 pu) +(0.0244 + j0.122) +(0.0465 + j0.233 pu)
Y, =0.3265— j1.6355 pu
v 1 _ 1
P ZpHZyy+ 7y (0.0465+ j0.233 pu)+(0.0122 + j0.0732) +(0.0465+ j0.233 pu)
Y, = 0.3486— /1.7866 pu
v 1 _ 1
© Zpy+Z,+Zy (0.0465+ j0.233 pu)+(0.0122 + j0.0732) +(0.0465+ j0.233 pu)
Y, =0.3486— /1.7866 pu
Y, = L L =0.3537 — j0.9425 pu
Z,  0.0349+ j0.930
1 1
‘" Z, 0.140+ j4.65
1 1

Y, =—= —=0.0201 — j0.5369 pu
Z,, 00697+ j1.860

= 0.0064 — j0.2149 pu

The bus admittance matrix Y, is:

Y, +Y,+7, -Y, -Y,
Yo.=| L, Y, +Y. +Y; -7,
-Y, -, Y, +Y +7,

[ 1.0288— j4.3646 —0.3265+ j1.6355 —0.3486+ j1.7866
=|-0.3265+ j1.6355 0.6952 - j3.9590 -0.3486+ j1.7866
| —0.3486 + j1.7866 —0.3486+ j1.7866  0.7036 — j3.7881

bus

The bus impedance matrix Z,  is:

202



bus = Ybu571
0.1532+ j0.6048 0.1068 + j0.4875 0.1181+ j0.5172
Z, .=|0.1068+ j0.4875 0.1251+ j0.7046 0.1045+ j0.5642

bus
0.1181+ ;0.5172 0.1045+ j0.5642 0.1479+ j0.7670

Z

10-9. Assume that internal generated voltages of the generators and motors in the per-unit equivalent circuit of
the previous problem have the following values:

E, =115£22°
E,, =1.00Z£-20°

E, =0952£-15°

(a) Find the per-unit voltages on each bus in the power system.

(b) Find the actual voltages on each bus in the power system.

(c) Find the current flowing in each transmission line in the power system.

(d) Determine the magnitude and direction of the real and reactive power flowing in each transmission
line.

(e) Are any of the components in the power system overloaded?

SorutioN The Norton equivalent currents associated with each voltage source are:
I, —&: 1’1542‘20 =0.7832-j0.8526 =1.158£—47.4°
Z., 0.0349+ ;0.930
E, 1.00£-20°
Z,, 0.0697+ j1.86
E, 095£-15°

Z,s 0.4+ j4.65

=-0.1647—- j0.5114=0.5373£-107.9°

L=

I, =—0.0469 — j0.1988 = 0.204£ —103.2°

The nodal equations for this power system are:
Y, V=1
1.0288 — j4.3646 —0.3265+ j1.6355 —0.3486+ j1.7866| | 0.7832— j0.8526
V=|-0.3265+1.6355 0.6952—-73.9590 —0.3486+ j1.7866| |—-0.1647— ;0.5114
—0.3486 + j1.7866 —0.3486+ j1.7866 0.7036— j3.7881 —0.0469 — j0.1988
0.9646 + j0.1604 0.978£9.4°
V =10.9463+ j0.0635 |=| 0.948£3.8°

0.9503+ ;j0.0926 0.9554£5.6°

1

(a) The per-unit voltages at each bus in the power system are:

V, =0.978./9.4°
V, =0.948./3.8°
V, = 0.955/5.6°

(b) The actual voltages at each bus in the power system are:
Vi=V, Vise = (0.978)(12.8 kV) =12.5kV

I,pu” base
L =V, oV o = (0.948)(12.8 kV) =12.1kV
s =V oV owe =(0.955)(12.8 kV) =12.2 kV

~
[

2
3

~
I
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The current flowing in Line 1 is: (start here)
I,=Y, (V1 - Vz) = (0.3265 —Jjl .6355) (0.97849.4o - 0.94843.80)

I,,=0.1645+ j0.0017 = 0.165£0.6°

The current flowing in Line 2 is:

1, =Y,(V,=V,)=(0.3486— j1.7866)(0.978.£9.4° — 0.955/5.6°)
1,,=0.1263— j0.0029 = 0.1269.£ — 0.9°

The current flowing in Line 3 is:

(d)

(e

1, =7 (V,-V,)=(0.3486 — j1.7866)(0.948./3.8°~ 0.955/5.6°)
I,, =—0.0533+ j0.0029 = 0.0534£ —177°

The real and reactive power flowing from Bus 1 to Bus 2 in Line 1 is:
S, =Vl = (0.97849.40)(0.16540.60)*
S,,=0.159+ ;0.0248 =0.161£8.9°
P,=8..FPin= (40 MVA)(0.159) =6.4 MW

base™ L1,pu

011 = 810,10 = (40 MVA)(0.0248) = 1.0 MVAR

The real and reactive power flowing from Bus 1 to Bus 3 in Line 2 is:
S,,= V,ILZ* = (0.97849.40)(0.12694 - 0.90)*
S,,=0.1215+,0.0221=0.124.£10.3°
P, =Sy Py = (40 MVA)(0.1215) = 4.86 MW

01> =S40y 50 = (40 MVA)(0.0221) = 0.88 MVAR

The real and reactive power flowing from Bus 2 to Bus 3 in Line 3 is:
S,,=VJ]I, = (0.95545.60)(0.05344 - 1770)*
S,;=-0.0509-;0.0021=0.051£-178°
P,=S8.bPn= (40 MVA)(—0.0509) =-2.04 MW

base™ L3,pu

011 = SpeQ1sp0 = (40 MVA)(~0.0021) = ~0.09 MVAR

The negative power here means that the power is really flowing from Bus 3 to Bus 2.

None of the components in the power system are even close to being overloaded.
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