
Handout #1 Domain of Elementary Functions:

1. f =
u

v
=⇒ v 6= 0

2. f = 2k
√

u =⇒ u ≥ 0 (k = 1,2,3, ...)

3. f = logvu =⇒ u > 0, v > 0, v 6= 1

4. f = tan u =⇒ u 6= π

2
+ kπ (k = 0,±1,±2, . . . )

5. f = cot u =⇒ u 6= kπ (k = 0,±1,±2, . . . )

6. f = arcsin u =⇒ −1 ≤ u ≤ 1)

7. f = arccos u =⇒ −1 ≤ u ≤ 1)

8. f = uv =⇒ u > 0 v 6= constant or v = irrational constant

Important fact: All elementary functions are continuous in their domains except at the isolated points.
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Handout #2 Fundamental Formulas for Integration:

1.

∫
unu′dx =

∫
undu =

un+1

n + 1
+ C (n 6= −1)

2.

∫
1

u
u′dx =

∫
1

u
du = ln|u| + C

3.

∫
auu′dx =

∫
audu =

au

ln a
+ C (a > 0, a 6= 1)

4.

∫
sin u u′dx =

∫
sin u du = − cos u + C

5.

∫
cos u u′dx =

∫
cos u du = sin u + C

6.

∫
1

cos2 u
u′dx =

∫
1

cos2 u
du = tan u + C

7.

∫
1

sin2 u
u′dx =

∫
1

sin2 u
du = − cot u + C

8.

∫
u′dx

u2 + a2
=

∫
du

u2 + a2
=

1

a
arctan

u

a
+C1 = −1

a
arccot

u

a
+C2

9.

∫
u′dx

u2 − a2
=

∫
du

u2 − a2
=

1

2a
ln |u− a

u + a
| + C

10.

∫
u′dx√
u2 ± a2

=

∫
du√

u2 ± a2
= ln |u +

√
u2 ± a2| + C

11.

∫
u′dx√
a2 − u2

=

∫
du√

a2 − u2
= arcsin

u

a
+C1 = − arccos

u

a
+C2

12.

∫
u′dx

u
√

u2 − a2
=

∫
du

u
√

u2 − a2
=

1

a
arcsec

|x|
a

+ C

13.

∫
ln u du = u ln |u| − v
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Handout #3 Some basic Formulas, definitions and equations:
Basic trigonometric equations:

sinx = a (−1 ≤ a ≤ 1) ⇔ x = (−1)n arcsin a + nπ (n = 0,±1,±2, . . . )

sinx = 0 ⇔ x = nπ (n = 0,±1,±2, . . . )

sinx = 1 ⇔ x =
π

2
+ 2kπ (k = 0,±1,±2, . . . )

sinx = −1 ⇔ x =
−π

2
+ 2kπ (k = 0,±1,±2, . . . )

cos x = a (−1 ≤ a ≤ 1) ⇔ x = ± arccos a + 2kπ (k = 0,±1,±2, . . . )

cos x = 0 ⇔ x =
π

2
+ nπ (n = 0,±1,±2, . . . )

cos x = 1 ⇔ x = 2kπ (k = 0,±1,±2, . . . )

cos x = −1 ⇔ x = (2k + 1)π (k = 0,±1,±2, . . . )

tanx = a ⇔ x = arctan a + kπ (k = 0,±1,±2, . . . )

cot x = a ⇔ x = arccot a + kπ (k = 0,±1,±2, . . . )

Definitions of inverse trigonometric functions:

arcsin a = b (−1 ≤ a ≤ 1) ⇔ a sin b and − π

2
≤ b ≤ π

2

arccos a = b (−1 ≤ a ≤ 1) ⇔ a cos b and 0 ≤ b ≤ π

arctan a = b ⇔ a = tan b and − π

2
≤ b ≤ π

2

arccot a = b ⇔ a = cot b and 0 ≤ b ≤ π

Some formulas:
√

a2 = |a| ea ln b = ba logb a =
ln a

ln b
eiθ = cos θ + i sin θ

cos θ =
eiθ + e−iθ

2
sin θ =

eiθ − e−iθ

2i
cosh θ =

eθ + e−θ

2
sinh θ =

eθ − e−θ

2√
A±

√
B =

√
A +

√
A2 −B

2
±

√
A−

√
A2 −B

2

(
(A2 −B) > 0

)
log z = ln |z|+ iθ, θ = arg z
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Handout #4 Derivatives:

1. f ′(x) = lim
z→x

f (z)− f (x)

z − x
= lim

h→0

f (x + h)− f (x)

h

2. c′ = 0

3. x′ = 1

4. (un)′ = nun−1u′

5. (
√

u)′ =
u′

2
√

u

6. (sin u)′ = (cos u)u′

7. (cos u)′ = (− sin u)u′

8. (tan u)′ = (sec2 u)u′

9. (cot u)′ = (− csc2 u)u′

10. (u± v)′ = u′ ± v′

11. (uv)′ = u′v + v′u

12. (cu)′ = cu′

13.
(u

c

)′
=

u′

c

14.
( c

u

)′
=
−c

u2
u′

15.
(u

v

)′
=

u′v − v′u

v2

16.
( c

un

)′
=
−cn

un+1
u′

17. (eu)′ = euu′

18. (au)′ = au(ln a)u′

19. (ln u)′ =
1

u
u′

20. (loga u)′ =
1

u ln a
u′

21. (arcsin u)′ =
1√

1− u2
u′

22. (arccos u)′ =
−1√
1− u2

u′

23. (arctan u)′ =
1

1 + u2
u′

24. (arccot u)′ =
−1

1 + u2
u′

4



Handout #5.1 Trigonometric identities:

sin α cos β =
1

2
sin(α− β) +

1

2
sin(α + β)

cos α cos β =
1

2
cos(α− β) +

1

2
cos(α + β)

sin α sin β =
1

2
cos(α− β)− 1

2
cos(α + β)

cos2 α =
1 + cos 2α

2
sin2 α =

1− cos 2α

2

sin(α± β) = sin α cos β ± cos α sin β
cos(α± β) = cos α cos β ± sin α sin β

sin 2α = 2 sin α cos β

tan(α± β) =
tan α± tan β

1∓ tan α tan β

cos 2α = cos2 α− sin2 α

tan 2α =
2 tan α

1− tan2 α

sin α± sin β = 2 sin

(
α± β

2

)
cos

(
α∓ β

2

)
cos α + cos β = 2 cos

(
α + β

2

)
cos

(
α− β

2

)
cos α− cos β = 2 sin

(
α + β

2

)
sin

(
β − α

2

)

How to exit trigonometry:

tan
x

2
= y ⇒ sin x =

2y

1 + y2
, cos x =

1− y2

1 + y2
, dx =

2dy

1 + y2

tan x = y ⇒ cos2 x =
1

1 + y2
, sin2 x =

y2

1 + y2
, sin x cos x =

y

1 + y2
, dx =

dy

1 + y2
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Handout #5.2
Trigonometric chart

−π
2 − 0 −π

2 + 0 -0 +0 π
6

π
4

π
3

π
2 − 0 π

2 + 0 π − 0 π + 0

sin -1 -1 -0 +0 1
2

1√
2

√
3

2 1 1 +0 -0

cos -0 +0 1 1
√

3
2

1√
2

1
2 +0 -0 -1 -1

tan +∞ −∞ -0 +0 1√
3

1
√

3 +∞ −∞ -0 +0

cot +0 -0 −∞ +∞
√

3 1 1√
3

+0 -0 −∞ +∞

Unit circle
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Handout #6 Power series for elementary functions:

1.
1

1− x
=

∞∑
n=0

xn − 1 < x < 1

2. ex =
∞∑

n=0

xn

n!
xε(−∞, +∞)

3. sin x =
∞∑

n=1

(−1)n−1 x2n−1

(2n− 1)!
xε(−∞, +∞)

4. cos x =
∞∑

n=0

(−1)n x2n

(2n)!
xε(−∞, +∞)

5. ln(1 + x) =
∞∑

n=1

(−1)n−1x
n

n
− 1 < x ≤ 1

6. arctan x =
∞∑

n=0

(−1)n x2n+1

2n + 1
− 1 ≤ x ≤ 1

7. (1 + x)n =
∞∑

n=0

(
α

n

)
xn

(
α

0

)
= 1,

(
α

1

)
= α, . . . ,

(
α

n

)
=

α(α− 1)(α− 2) . . . (α− (n− 1))

n!
, −1 < x < 1 (α 6= integer)

8. arcsin x =
∞∑

n=0

(2n− 1)!!

(2n)!!
∗ x2n+1

2n + 1
− 1 ≤ x ≤ 1

(2n− 1)!! = (1)(3)(5) . . . (2n− 1), (2n)!! = (2)(4)(6) . . . (2n), 1!! = 1, 2!! = 2, 0!! = 1,

(−1)!! = 1
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Handout #7 Limits involving ∞, etc.

Indeterminate cases:

±0

±0

±∞
±∞

(±∞)(±0) −∞+∞

1±∞ (+0)±0 (+∞)±0

Other limits involving ∞ (examples):

lim
u→±∞

(
1 +

1

u

)u

= e lim
x→0

sin x

x
= 1 ln(+0) = −∞ ln(+∞) = +∞

arctan(+∞) =
π

2
−0 arctan(−∞) = −π

2
+0 arccot(+∞) = +0 arccot(−∞) = π−0

+∞− 7 = +∞ −∞+ 7 = −∞ (+∞)(−∞) = −∞ (±∞)2 = +∞

−7

+∞
= −0

−7

−0
= +∞ (−7)(+∞) = −∞ +∞

−0
= −∞

+0

−∞
= −0 (−∞)3 = −∞

√
+∞ = +∞ 3

√
−∞ = −∞

(2)+∞ = +∞ (3)−∞ = +0 (0.5)+∞ = +0 (0.7)−∞ = +∞

(+∞)−∞ = +0 tan

(
π

2
−0

)
= +∞ tan

(
π

2
+0

)
= −∞ tan

(
−π

2
+0

)
= −∞

cot(+0) = +∞ cot(π−0) = −∞ cot(−0) = −∞ cot(π+0) = +∞

cos∞, sin∞, tan∞, and cot∞ do not exist.
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