
1. A = sin(2− 3i)

=
ei(2−3i) − e−i(2−3i)

2i

=
1

2i

(
e3+2i − e−3−2i

)
=

−i

2

(
e3 cos 2 + ie3 sin 2− e−3 cos 2 + ie−3 sin 2

)
A= cosh3sin2−isinh3cosh2

2. arcsinh z = 1 + i

z =
e1+i − e−1−i

2

=
e(cos 1 + i sin 1)− e−1(cos 1− i sin 1)

2
, ez = ex(cos y + i sin y)

z =
e cos 1− cos 1

e

2
+ i

e sin 1 + sin 1
e

2

z = cos 1 sinh 1 + i sin 1 cosh 1

1



3. f(z) = z3 cos z − sin z + ze−z2

· cos z =
∞∑

n=0

(−1)nz2n

(2n)!
, z3 cos z =

∞∑
n=0

(−1)nz2n+3

(2n)!

· − sin z =
∞∑

n=1

(−1)nz2n−1

(2n− 1)!

· ez =
∞∑

n=0

zn

n!
, ze−z2

=
∞∑

n=0

z2n+1

n!

fix powers: go to 2n+1

f(z) =
∞∑

n=1

(−1)n−1z2n+1

(2n− 2)!
+

∞∑
n=0

(−1)n+1z2n+1

(2n + 1)!
+

∞∑
n=0

(−1)nz2n+1

(n)!

fix indices: set to 1

f(z) = −z + z
∞∑

n=1

(−1)n−1

(
1

(2n− 2)!
+

1

(2n + 1)!
− 1

n!

)
z2n+1

2



4. For the function V (x, y) = sin x cosh y , (a) prove that V is harmonic. (b)Find U(x,y)
that is conjugate harmonic to V, and (c) express f(z) = u + iv in terms of only z.

(a)

V (x, y) = sin x cosh y ⇒ ∂v

∂x
= cos x cosh y,

∂2v

∂x2
= − sin x cosh y,

∂v

∂y
= sin x sinh y,

∂2v

∂y2
= sin x cosh y,

∂2v

∂x2
+

∂2v

∂y2
= − sin x cosh y + sin x cosh y = 0.

Hence V is harmonic.

(b)

By Cauchy-Riemann:
∂u

∂x
=

∂v

∂y
and

∂u

∂y
=
−∂v

∂x

U(x, y) = −
∫

cos x cosh ydy = − cos x

∫
cosh ydy

U(x, y) = − cos x sinh y + φ(x).

∂u

∂x
=

∂v

∂y
= sin x sinh y + φ′(x)

sin x sinh y = sin x sinh y + φ′(x)

φ′(x) = 0

φ(x) = C

Hence:

U(x, y) = − cos x sinh y + C
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(c)

W (z) = U + iV

= − cos x sinh y + C + i sin x cosh y

= − cos x

(
ey − e−y

2

)
+ i sin x

(
ey + e−y

2

)
+ C

= −1

2
ey cos x +

1

2
e−y cos x +

i

2
ey sin x +

i

2
e−y sin x + C

=
ey

2

(
− cos x + i sin x

)
+

e−y

2

(
cos x + i sin x

)
+ C

=
ey

2
(−e−ix) +

e−y

2
(eix)

=
−ey−ix

2
+

e−y+ix

2

=
−1

2
e−iz +

1

2
eiz + C

=
− cos z

2
+

i sin z

2
+

cos z

2
+

i sin z

2
+ C

= i sin z + C

W (z) = i sin z + C
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5. Find first three non-zero terms of Maclaurin Series f(z) = tan z.

tan z =
sin z

cos z
=

z − z3

6
+ z5

120
− . . .

1− z2

2
+ z4

24
− . . .

= C0 + C1z + C2z
2 + C3z

3 + C4z
4 + . . .

Since tan is an odd function,

z − z3

6
+ z5

120
− . . .

1− z2

2
+ z4

24
− . . .

= C1z + C3z
3 + C5z

5 + C7z
7 . . .

z − z3

6
+

z5

120
− · · · =

(
C1z + C3z

3 + C5z
5 + . . .

)(
1− z2

2
+

z4

24
− . . .

)
equate like terms:

C1 = 1, C3 =
1

3
, C5 =

2

15

tan z = z +
z3

3
+

2z5

15
+ . . .

6. I = sin3 z

=
sin z − sin z cos 2z

2
.

sin z

2
=

1

2

∞∑
n=1

(−1)n−1z2n−1

(2n− 1)!
,

sin z cos 2z =
sin(−z)

2
+

sin 3z

2
=
− sin z + sin 3z

2
,

−sin z cos 2z

2
=

sin z − sin 3z

4

I =
3

4

∞∑
n=1

(−1)n−1z2n−1

(2n− 1)!
− 1

4

∞∑
n=1

(−1)n−132n−1z2n−1

(2n− 1)!
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7. Find the radius of convergence.

∞∑
n=7

(n!)223n+3

(2n + 5)!!
(2z − 5 + 4i)n =

∞∑
n=7

(n!)224n+3

(2n + 5)!!
(z − 5/2 + 2i)n,

z0 =
5

2
− 2i

1

R
= lim

n→+∞

∣∣∣∣(n + 1)!224n+7

(2n + 7)!!
· (2n + 5)!!

(n!)224n+3

∣∣∣∣ = 16 lim
n→+∞

∣∣∣∣(n + 1)2

2n + 7

∣∣∣∣ = +∞

R = +0

8. Find the radius and domain of convergence.

∞∑
n=7

inn!23n+3

(2n + 5)!!
(2z − 5 + 4i)n =

∞∑
n=7

inn!24n+3

(2n + 5)!!
(z − 5/2 + 2i)n,

z0 =
5

2
− 2i

1

R
= lim

n→+∞

∣∣∣∣ in+1(n + 1)!24n+7

(2n + 7)!!
· (2n + 5)!!

inn!24n+3

∣∣∣∣ = 16 lim
n→+∞

∣∣∣∣ i(n + 1)

(2n + 7)

∣∣∣∣ = 8

R =
1

8

D :

∣∣∣∣z − 5

2
+ 2i

∣∣∣∣ < 1

8
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